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HOMOGENIZATION OF
PERIODIC GRAPH-BASED ELASTIC STRUCTURES

BY Houssam AspouL-Anziz & PIERRE SEPPECHER

Asstract. — In the framework of I'-convergence and periodic homogenization of highly con-
trasted materials, we study cylindrical structures made of one material and voids. Interest in
high contrast homogenization is growing rapidly but assumptions are generally made in order
to remain in the framework of classical elasticity. On the contrary, we obtain homogenized ener-
gies taking into account second gradient (i.e., strain gradient) effects. We first show that we can
reduce the study of the considered structures to discrete systems corresponding to frame lat-
tices. Our study of such lattices differs from the literature in the fact that we take into account
the different orders of magnitude of the extensional and flexural stiffnesses. This allows us to
consider structures which would have been floppy when considering only extensional stiffness
and completely rigid when considering flexural stiffnesses of the same order of magnitude than
the extensional ones. To our knowledge, this paper provides the first rigorous homogenization
result in continuum mechanics with a complete second gradient limit energy.

Résumic (Homogénéisation de structures élastiques basées sur un graphe périodique)

Nous étudions, dans le cadre de la I'-convergence et de 'homogénéisation périodique de
matériaux fortement contrastés, des structures cylindriques constituées d’un unique matériau
élastique linéaire et de vide. L’intérét actuel pour I’homogénéisation a fort contraste est impor-
tant mais en général des hypotheses ad hoc sont faites de maniére a obtenir un modele limite
qui reste dans le cadre de D’élasticité classique. Nous cherchons, au contraire, a obtenir des
énergies homogénéisées prenant en compte des effets de second gradient du déplacement (ou,
de maniére équivalente, de gradient de la déformation). Nous montrons d’abord que ’étude
des structures considérées peut se réduire & ’étude de systémes discrets correspondant a des
réseaux périodiques de noeuds liés par des interactions élastiques. Notre étude de tels réseaux
differe de celles que ’on peut trouver dans la littérature par le fait que nous prenons en compte
la différence d’ordre de grandeur des raideurs a I’extension et a la flexion des éléments élancés
qui relient les noeuds du réseau. Cela nous permet de traiter des structures qui auraient été
mobiles si 'on avait négligé les raideurs en flexion et complétement rigides si I’on avait considéré
qu’elles étaient du méme ordre de grandeur que les raideurs en extension. A notre connaissance,
cette étude est le premier résultat rigoureux d’homogénéisation dans lequel ’énergie limite peut
dépendre de toutes les composantes du second gradient du déplacement.
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1. INTRODUCTION

In [23] it has been proved that highly contrasted heterogeneous elastic materials
may lead, through an homogenization process, to materials with very new properties.
In particular the order of differentiation of the equilibrium equations may be much
higher for the homogenized material than they were for the heterogeneous one. How-
ever very few explicit examples have been given in which such a phenomenon appears.
In [47], [12], [21], [14], [13], [11] the homogenized material becomes a second gradient
one: the elastic energy depends on the second gradient of the displacement instead of
the first one only. However all these results fall under the framework of couple-stress
theory, [54], [65], [40], [42]: the dependence with respect to the second gradient of the
displacement is limited to dependence on the gradient of the skew-symmetric part
of the gradient of the displacement only. To our knowledge complete second gradi-
ent media have been obtained, up to now, only through homogenization of discrete
systems based on pantographic structures [5], [4], [52].

Second gradient materials are, among other generalized continuum models widely
used [30], [28], [38], [31], ... Their very rich behavior allows for instance to regularize
and thus to study precisely the parts of materials where the deformation tends to
concentrate, [56], [32] (inter-phases, [41], [24], [34], [51], porous media, [50], fractures,
[2], [3], damage and plasticity, [57], [48]). However the second gradient properties are
scarcely measured directly, [9], [10], [35] nor rigorously interpreted from a microscopic
point of view. Mechanicians have no tool for conceiving second gradient materials with
chosen properties.

The aim of this paper is to provide such a tool. It is is not question here to
solve all highly contrasted periodic homogenization problems but to describe a set
of situations sufficiently large for making clear how appear second gradient effects
through the homogenization process.

It is important to remark that second gradient properties are generally obtained
in the literature as corrections to the homogenized model: they do not appear in the
limit energy but as a next term in an asymptotic development [18], [7], [53] with
respect to the size of the heterogeneities. There is an essential difference of nature
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HOMOGENIZATION OF PERIODIC GRAPH-BASED ELASTIC STRUCTURES 3

Ficure 1. A cylindrical 3D elastic structure based on a thickened pe-
riodic planar graph. The basis of the cylinder is a thickened periodic
graph QFf with a global size L, a period size ¢, a thickness of edges e
which are three lengths with different orders of magnitude.

between second gradient limit energies and second gradient terms in an asymptotic
development: in the first case the model contains a finite intrinsic length while in
the second case the intrinsic lengths are infinitely small. Another fact enlightens the
difference between both approaches: second gradient asymptotic developments can be
obtained even when homogenizing conduction problems [7] while it has been proved
in [22] and [23] that second gradient limit energies were possible for elasticity ho-
mogenization problems but unattainable when considering conduction problems. As-
ymptotic developments are difficult to interpret and applying them to real problems
leads to many questions. For instance the sign of the second gradient terms in these
developments may change and lead to ill-posed equilibrium problems. For instance
still, it seems difficult to justify the fact that the maximum principle applies in het-
erogeneous conduction problems but would not apply when replacing them by their
homogenized second gradient development. All these problems cannot arise when ap-
plying our results. Our limit energies, owing to standard properties of I'-convergence,
are necessarily positive lower semi-continuous quadratic forms.

We consider structures made of a periodic arrangement of welded thin walls (see
for instance Figure 1): they are cylinders (see Figure 1(a)) the basis of which is a
thickened periodic planar graph (see Figure 1(b)).

We study, in the framework of I'-convergence, the homogenization of these struc-
tures and rigorously determine the second gradient effects. To that aim we make some
modeling assumptions which, of course, can be questioned when applied to the real
structure of Figure 1:

— First we assume that the structure is made of a homogeneous isotropic linear
elastic material. We thus implicitly forbid the possibility of any micro buckling effect.
— We also consider that the structure is solicited in the plane of the graph and
assume that we are in the conditions of plane strain elasticity. This assumption, valid
only when the height of the structure is large enough, allows us to reduce the problem

JEP M., 000, tome 00



4 H. Aspour-Anziz & P. SeppeciER

to a bi-dimensional one: a linear elastic problem set in a thickened periodic planar
graph; more precisely, in the intersection of this thickened graph and a bounded
domain Q C R2.

— As our goal is to determine the effective properties of the material, we have to
suppose that the size £ of the period of the graph is small compared to the char-
acteristic size L of the domain 2. This is the standard asymptotic homogenization
assumption:

e={0/L 1.

— We consider that the thickness e of the walls the structure is made of (i.e., the
thickness of the graph) is small compared with ¢. Hence the 2D elastic problem we
consider contains two small dimensionless parameters which we let tend to zero:

d=e/l < 1.

This assumption is essential: otherwise the standard homogenization results would be
valid and the effective properties of the material would be those of a classical (may
be non isotropic) elastic material. This assumption will also have a practical effect on
our mathematical arguments: as it implies that the edges are slender rectangles, we
can, using the theory of slender elastic structures, reduce our problem to the study
of a discrete system.

— The two limits € — 0 and § — 0 do not commute and we have to specify the way
they simultaneously go to zero: we assume that

0 = Pe,

with 8 > 0 fixed. Indeed, this case is critical: the cases § = € with a > 1 or @ < 1 can
be deduced from our results by letting in a further step 8 tend to zero or to infinity.

— Finally we have to specify the order of magnitude of the rigidity of the material
our structure is made of. We emphasize that speaking of the order of magnitude of the
stiffness of the material takes sense only if we compare it to some force. In other words,
making an assumption over the elastic rigidity is equivalent to making an assumption
over the order of magnitude of the applied external forces. As the total volume of our
structure tends to zero with ¢, it is clear that we need a strong rigidity of the material
if we desire to resist to forces of order one. Different assumptions can be made which
correspond to different experiments. This is not surprising: the reader accustomed
for instance to the 3D-2D or 3D-1D reduction of models for plates or beams, knows
that changing the assumptions upon the order of magnitude of the elasticity stiffness
of the material changes drastically the limit model. If the structure cannot resist to
some applied forces (like a membrane cannot resist to transverse forces), it may resist
to them after a suitable scaling of the material properties (like the membrane model
is replaced by the Kirchhoff-Love plate model). Simultaneously some mobility may
disappear (like the Kirchhoff-Love plate becomes inextensible).

J.EP. — M., 000, tome 0o
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In this paper we are interested in the case where the Lamé coefficients (i, A) of the
material tend to infinity like 6 'e=2:

o Ao
(1) = e’ A= e’

— For sake of simplicity we assume free boundary conditions along the whole bound-
ary of Q. The discussion about the different boundary conditions which can be as-
sumed and the way they pass to the limit would make this paper too long. As usual
when dealing with Neumann-type boundary conditions, we have to assume that the
external forces applied to the structure are balanced and we ensure uniqueness of the
equilibrium solution by imposing zero mean rigid motion.

The paper is organized as follows. In Section 2, we first describe precisely the
geometry we are interested in by introducing in a sparse way the graphs on which
our 3D structures are based. Assuming a plane strain state we state the elastic problem
in a 2D domain which corresponds to a thickened graph.

Several studies deal with this problem (see for instance [16], [17], [25], [46], [59],
[58],) but the assumptions which are made in these papers are stronger than ours
(either limiting the energy to conduction problems or fixing a thickness for the walls
of the same order of magnitude as the size of the periodic cell or limiting to a too
small order of magnitude the stiffness of material the structure is made of) and their
results are thus limited to classical (first gradient) homogenized energy.

In Section 3, we prove that our 2D elastic problem has the same I'-limit as an
equivalent discrete problem set on the nodes of the graph. Both extensional and
flexural stiffnesses must be taken into account even if the flexural rigidity is much
lower than the extensional one. This part is rather technical and the sketches of the
proofs (which are more or less standard) are postponed to the appendix.

In Section 4 we attack the problem of finding the I'-limit of the discrete energy.
We study the problem from the variational point of view adapting to our case the
tools of T'-convergence, [27], [19] and double-scale limit, [43], [6] which have shown
their efficiency for treating many different problems of homogenization. The topology
we use is rather weak but it is sufficient to ensure at least, that the equilibrium of
the structure under the action of forces applied at the nodes of the structure will be
well described by the equilibrium of the limit model. This discrete homogenization
problem has been studied in [37], [36], [49] and in different contexts in [39], [20].
Again only first gradient limit models have been obtained. The point is that, in all
these papers, the order of magnitude of the different types of interaction are supposed
not to interfere with the homogenization asymptotic process (see [37, Rem. 7.5], [39,
Eq. (2.7)] or [20]) while here the ratio between flexural and extensional interactions is
comparable to the homogenizing small parameter.

In this paper we do not exhaust all interesting questions about our structures: it
has been shown in [52] that the types of actions (external forces, external distribu-
tions, boundary distributions,...) which can be applied to second gradient materials
were much richer than the boundary conditions and external forces considered here.

J.E.P.— M., 000, tome 0o



6 H. Aspour-Anziz & P. SeppeciER

However the case we study is sufficient to enlighten the way second gradient effects can
arise through the homogenization procedure. In Section 5 we give an example where
the limit energy is a complete second gradient one. By “complete” we mean that it
does not reduce to a couple-stress model where the energy involves only the gradient
of the skew-symmetric part of the gradient of the displacement. To our knowledge,
this is the first rigorous homogenization result with a complete second gradient limit
energy.

2. IntTIAL PROBLEM, DESCRIPTION OF THE GEOMETRY

2.1. Tue crapu. — The geometry we consider is based on a periodic planar graph.
We adopt a description close to the one used in [33]. Such a graph is determined by

— a prototype cell Y containing a finite number K of nodes the position of which
is denoted ys, s € {1,...,K};

— two independent periodicity vectors ty, to such that translations of Y make a
periodic tiling of the plane. As the graph will be re-scaled, we can assume without loss
of generality that |t; X t2| = 1 (i.e., the area |[Y| = 1). Introducing, for I = (i, ) € Z?,
the points y7 = e(ys + ity + jta), the set of nodes of the graph is

(i | T€Z? se{l,... K}}.

We use y5 := Ziil Yy7.s as a reference point for the cell I;
~ five K x K matrices a, taking value in RT defining the edges of the graph: an
edge links nodes y7 ; and y7,, . as soon as ap, s s > 0. Here p belongs to the set(D)

2 .= {(0,0),(1,0),(0,1), (1,1), (1, —1)}.

We denote p := pit1 + pata € {0,¢1,t2,t1 + t2,t; — t2} the corresponding vector so
that y7,, . = yi s + ep. We introduce the set of multi-indices corresponding to all
edges:

o ={(p,s,s') | pe P, 1<s<K, 1<5 <K, a,s >0}

For any (p, s, s’) € & we introduce the rescaled length and direction of the edge by
setting

ép,s,s’ = 571”1/?-‘,—;;,3/ - yig”v and Tp,s,s’ *—

We also introduce the transverse direction T;S’S, to the edge obtained from 7, 5 &
by a rotation of angle +7/2 and the minimal value ¢,, of all edge lengths: ¢, :=

min(?:&S’)ed(gp,s,s’)-

(DNote that, owing to periodicity, only half of the neighbors of a cell have been considered. It is
also important to notice that there is no loss of generality (as soon as we assume that the range of
interactions is finite) in assuming that a cell is interacting only with its closest neighbors. Indeed we
can always choose a prototype cell large enough for this assumption to become true.

JIEP. — M., 000, tome 0o



HOMOGENIZATION OF PERIODIC GRAPH-BASED ELASTIC STRUCTURES 7

— a bounded convex domain € in R?. We assume that  has measure 1 (choice of
the unit length) and so that L = 1. We denote by .#¢ be the set of indices of cells
which lie sufficiently inside the domain:

I :={I]y; € Qand d(y7,0Q) > Ve}

(where d stands for the Euclidian distance), G¢ the set of nodes of these cells and G*
the union of the edges which link them

R K
G= U Ui 6= U U Bieviogwl

Ie7¢e s=1 Ieve (p,s,s')esdd

2

The number N¢ of such cells is equivalent to ¢ ™= and we will denote in the sequel the

mean value of any quantity ¢ defined on .#¢ by
1
Yo =g D e ~El ) er
I Ic.ge Iese

The planar elastic problem will be set in the thickened graph:
B o
€ . € =
2) 0 .—{m€Q|d(aj,G)<25 }

where the thickened nodes Bj

B;, o= {o | d(.y7,) < 5e?)

play an essential role.

Restrictive assumptions. — Not all interaction matrices are admissible:

— There is no crossing or overlapping of different edges: for any (p, s, s") and (p, 3, 5")
in &7,

Wr 0 Y1) O T 2097, 55 € 0060 YT, } = (1,5,D) = (L, 5, ).
This assumption results from the cylindrical shapes we are studying but is not fun-
damental. One could design multilayered structures, allowing crossing of interactions.
The reduction to a discrete problem would then have to be adapted to this case.

— We are not interested by lattices which are made of several disconnected lattices.
So we assume that the edges connect all the nodes of the structures. More precisely
we assume that, for any p € & and any (s,s’) € {1,..., K}?, there exist a finite path
in the graph which joins the node yj  to the node y7,, ., that is a finite sequence
($1,--y8pp1)in{l,..., K}, (p1,...,pr)in P, (€1,...,€.) in {—1,1} such that s; = s,
Sr+1 = s, Zzzl €p; =D,

€ > 0= (p;, Si,8i+1) € o and € < 0= (pi, Sit1,8;) € .

Note that, for nodes y7 ; and y7,, . lying sufficiently inside €2, the joining path is
independent of I but that this path may have to be modified for nodes lying close
to the boundary. We assume that such a path can always be chosen in a finite set of
paths.

J.E.P. — M., 000, tome 0o



8 H. Aspour-Anziz & P. SeppeciER

As we will see in Lemma 4 this assumption implies the strong-2-connectedness in
the sense of [17].

Even if it seems clear when considering Figures 2 and 3, it is not so easy to check
if a structure is connected. This has been studied in [8] where algorithms for this
checking are provided.

Some examples of non connected graphs are given in Figure 2 while examples of
admissible graphs are given in Figures 1 and 3.

e

Etl 8751
Ficure 2. Non connected structures for which relative compactness

is not ensured.

EtQ
€t2
Etl
€t1
Ficure 3. Admissible structures.
2.2, Tue 2D Evastic proBLEM. — As we have chosen L = 1, our assumptions re-

sume in

_ a2 Mo Y
K—E, e—ﬁé—, ﬂ—@, )\—@

The elastic energy &, is defined, for any displacement field u € L?(Q¢;R?) with
zero mean rigid motion, by

! 2, Ao 2 - 1(OF. R2
o s |5 L (ol + P ie)) dr it e (iR,

+00 otherwise.

JIEP. — M., 000, tome 0o



HOMOGENIZATION OF PERIODIC GRAPH-BASED ELASTIC STRUCTURES 9

Ficure 4. Another admissible structure: the planar graph corre-
sponding to Figure 1.

Here e(u) denotes the symmetric part of the gradient of u (e(u) = (Vu + V'u)/2 is
the linearized strain tensor), tr(e(u)) denotes the trace of the matrix e(u). To Lamé
coefficients (which satisfy pug > 0 and Mg + po > 0), we associate Young modulus

Yy 4pio(po + o)
= —_— h Y = ———
=L where Yj S0 T M
and Poisson ratio
A Ao

V= 2u+>\ =1y = 72/104—/\0
The reader may have noticed that the values of the positive coefficients a,, 5 s+ > 0 of
the interaction matrices were, up to now, irrelevant (as soon as they remain positive).
We now fix them by setting

2Yy
(4) R
p,s,s’
2.3. ConvERGENCE. — In order to study the homogenization of the considered struc-

tures, we need to specify the way we pass to the limit of a sequence of fields (u®) with
finite energy & (u®) < +o0. Indeed each term is defined on a different domain Q°. To
that aim, we first introduce the operator u — %, which to any field u € L?(Qc; R?)
associates the family w of mean values defined for I € .#€ and s € {1,..., K} by

1
(5) Ur,s ::][ u(z) dr == —— u(zx) dx.
BS | B | B;
Note that this operator which maps L2(£2.; R?) onto the set ¥ of functions defined
on .#¢ x {1,..., K} actually depends on ¢, even if the notation does not recall it.
Then we define the convergence of a sequence of families of vectors (Z5)rec.sc: We

say that (Z¢) converges to the measurable function z, and we write Z°— z, when the
following weak* convergence of measures holds true:

(6) }E 758, = 2(x) da,
I

where §, stands for the Dirac measure at point y.

J.E.P. — M., 000, tome 0o



10 H. Aspour-Anziz & P. SeppeciER

Finally we say that the sequence of functions (uf) (where u¢ € L2(Q.; R?)) con-
verges to u when, for all s € {1,..., K}, (@®)rs— u. As no confusion can arise, we
simply write u®— u.

Remark 1. — The convergence (6) means that, for all ¢ € C°(€),
™) X Ziewi) — [ apla)da.
T Q

When applying this notion to sequences (Z¢) such that }1: y |Z5]|? is bounded, we are
thus assured (see [26, Lem. 10.1]) that a subsequence converges to some z € L2(Q).
In view of (7), we note that we can replace in (6) the Dirac measure dys by dy: = or
even dye . Indeed @(yi,,s") — (yi,,s) = o(1).

Remark 2. — The convergence of measures (6) when holding for any s € {1,..., K}
is closely related to the double-scale convergence as defined by [43] or [6]. Here our
discrete variable s plays the role of the fast variable. In that case, for any convex lower
semi continuous function ® we have

1 K
(8) limainfEE =95, > / O(2(z)) dz
I s=1 Q
(see [15, Lem. 3.1]).

Remark 3. — The choice of this convergence allows for the direct application of our
homogenization result to the computation of the equilibrium when external forces are
applied at the “nodes” of the structure. More precisely to forces fields f¢ of the type

K
Fi(0) = e 3 O )y (@),

Ie7ec s=1
where f is a continuous field. Indeed the external potential due to such forces cor-
responds to a continuous perturbation of the energy with respect to the considered
convergence. The reader can refer to [27] or [19] for a description of properties of
I'-convergence.

3. REDUCTION TO A DISCRETE PROBLEM

We prove in this section that the considered structure can be studied as a discrete
one. To any function (U, #) defined on the nodes of the graph (U being vector valued
while 6 is scalar), we associate the energies

Ap.s,s’ UI+ps’_UIs 2
(0  EU)i= Y (e le g )
(I,p,s,8')EIEXA 2 <

2 apss’ﬁ2
(10) F.(U0):=e> Y e

(I,p,s,s")eFex

(3(01+p,s’ +0rs —

2 UI /—U[ 2
TEEL R )

€P75»3' €

JIEP. — M., 000, tome 0o



HOMOGENIZATION OF PERIODIC GRAPH-BASED ELASTIC STRUCTURES 11

The sum FE. + F. corresponds to the elastic energy of a system of nodes linked
by extensional and flexural bars. This section is devoted to the proof of the following
theorem which states that the I'-limit of the initial sequence of 2D elastic energies is
identical to the limit of the sequence of these discrete energies.

Turorem 1. The sequences (&2) and (E: + Ft) share the same T-limit &. Indeed,
for any measurable function u, we have

o e .. c e > P € £ peV). e\

(i) 11£1€f{11£rl}51f(§€(u ) ut—u} > Ul!’}gg{hl;n_}l(l;lf(Eg(U )+ F(US,60%)); US—u},

(i) inf{limsup &.(v®) | uv*—=u} < inf {limsup(E.(U®) + F.(U%,6%))); U*—u}.
us T g0 Us,0°" e=0

In order to prove this result, we first recall some results concerning the elastic
behavior of a thin rectangle which are well known in an asymptotic form but that
we need here to state more precisely in order to be able to apply them to the whole
structure. Their proofs are postponed to the appendix.

3.1. ESTIMATIONS FOR AN ELASTIC RECTANGLE. We use the orthonormal basis (eq, e2)
in R? and consider the rectangle w := [—£/2,¢/2] x [—e, +e] (with e < £/4).
To any function u € H!(w, R?) we associate

e 3 e
U(zxq) == —/ u(xy, xe) dzxa, 0O(x1) := ~ 508 w1 (21, T2) Ta dxo,

3 e
o) i= o5 [ (waler,22) = Vsl - o) das
and

1 1 Or1uz — Bauy

= u(xy, xe) deidee, ¢ = —

— (Il,xg)dﬂﬁldﬂjg.
me? JB(0.c) me® JB(0,e) 2

Lemvia 1. —  There exists a constant C independent of e such that, for any u €
H(B(0,e); R?)

me—WW<c/ le(w)|Pde, W@—@Ps%*/ le(w)|?de,
B(0,e) B(0,e)

[P <C [ el
B(0,e)

Proof. — By rescaling we can reduce to the case e = 1. Let us assume by contradiction
that there exists a sequence u™ such that fB(O 1 le(u™)||?dz tends to zero while one

of the quantities |[U™(0) — W™||2, |[v™(0)||? and [|§™(0) — ¢"||* do not tend to zero.
The function u™ := u™ — W™ — ¢™ (—x2, 1) has zero mean rigid motion:
1 - 1 Ol — daul
7/ " (z1,x2) drrdry = 0, 7/ u(m,xg) dxidxs = 0.
T JB(0,1) T JB(0,1) 2
Moreover fB(O 1 lle(@™)||?dz still tends to zero. Then Korn inequality (cf. [44,

Th. 2.5]) valid on the subspace of those functions in H!(B(0, 1); R?) which have zero
mean rigid motion implies that @™ converges strongly to zero in H(B(0,1); R?).

J.E.P. — M., 000, tome 0o



12 H. Aspour-Anziz & P. SeppeciER

A trace theorem ensures that 4" tends to zero in H'/2({0} x [~1,1];R?) and thus in

L2({0} x [~1,1];R?). Therefore, in contradiction with our assumptions, the quantities

1t
Un(0) — W = 5/ T (0, 22) dava,
—1

n 3 ! ~n 1 ! ~n 2
v"™(0) = 1 _1(u 0,z2) — 5 B u (O,yg)dyg)(l —x5)dzs
3 1
ad 070 =" =5 [ War,a)dos
1
tend to zero. O

Now, let 0 < k < 1 < k' < £/(2¢). In w, we consider the piecewise constant
functions (1, A) defined by fi(x1,z2) = u, AMx) = X if |z1] < £/2 — Ke, p(z) = kpy,
A(z) = k), otherwise and we denote respectively (U~,07,v~) and (UT,0%,v™") the

values of (U,0,v) at ©1 = —¢/2 and x1 = +£/2.

Lemwva 2. There exists a constant C depending only on k, k' and v such that, for
any u € H (w; R?),

L(mle(u)”Q + %tr(e(u))Q) > %(1 % C%)

2 + _ 77—\ 2
+ 2 S (3(0t 4o —2Y2 Y2 +_97)2) = S(pt —p)2
[(U1 U1)+3(3(9 +0m -2 )+(9 9)) “(v v)]
Lemma 3. There exists a constant C depending only on k, k' and v such that, for

any UT, U~ in R? and 6, 0= in R there exists u € H' (w; R?) satisfying

( ) U™+ 0 (—xza,21) ifxr <—€/2+Ke,
w(xy, xe) =
2K Ut + 0t (—z9,x1) ifz1 >L€/2—Ke,

and

[ @i+ 3 wewr) < X )

(@ - o7+ ‘5—;(3(9+ vo - 2@)2 +(67-07)%)].

Proofs of these two lemmas are given in the appendix.
3.2. ESTIMATION FOR THE WHOLE STRUCTURE. — We can now prove Theorem 1.

Proof. — We first notice that the number of edges which concur at a node yi,s of
the graph is bounded by 9K. We set k = (9K)~!. Therefore there exists a uniform
lowerbound 6,,, > 0 for the angles between these different edges. The thickened edges
of Q° concurring at node y7 . do not intersect out of the disk of center y7 . and

radius k'e with &' = (sin(6,,/2))~*. We consider on Q¢ the functions (zi, \) defined

by fi(x) == po, M) := No, if d(z, G) > K Be2, fi(z) = kuo, Mz) = kXo, otherwise.

J.EP. — M., 000, tome 0o



HOMOGENIZATION OF PERIODIC GRAPH-BASED ELASTIC STRUCTURES 13

Let u® be any sequence of displacement fields with bounded elastic energy
&-(u®) <M and converging to some function u. Our definition of the energy implies
that u® belongs H*(92°; R?) and the bound

&o(uf) = % /Q (kolle(u)? + %tr(e(us))Q) de <M

implies [,. [|e(u®)||? < Ce? with C = MS/min (o, o + Xo). Our choice for k and &’
allows us to split the energy:

Gz am X [ ()P + g ule)) da,

(I,p,s,8")EIex ol ¥ PI,ps,s!

where S7 5 denotes the rectangle with mean line [y7 ., y7,, | and thickness 28¢>.
Applying Lemma 2 to each term of this sum, we get

(11)  &(uf) = 2i (k% )

Be
X Z 4p,s,s’ {((Ul,p s,s UI \D,8,8" ) 'Tp»svs/)2 Y p (1}?;7373' Uf,p,s s )2
D,5,8

(I,p,s,s")eFExA

6252
+ 3 (3(6(91pss’+917p7ss>_2

+ —
Uipss = Ulps,s)

1
"Tps,s! )2

gp,s,s’
+ (8( ?iz_),s,s’ - 9;;),3,‘9’))2)}7

05

I,p;s,s

£— e+ 15
where UI ,p,S,8"7 UI,p,s7s” UI,p,s7s” I ,D,S,8"? 91 ,D,S,8"7?
to u® on the rectangle St , s s as in Lemma 2.

On the other hand, Lemma 1 states that, for any (p, s, s’), the quantities

Z || I,p,s,s’ ﬂi,sHQ? Z HU;,J;Z,s}s’ - ﬂ?*%?, Z | I7p7s sl Z | I7p7s sl
I
Do le5, g0 — 7)1 and Y le( 9?28 o = Oips)l?
I

I

, are the quantities associated

are all bounded by >, [5. [le(u®)||? and thus by Ce® (here ¢5, is the quantity
I,s El

associated to u° on the disk Bf ; as in Lemma 1). Clearly such bounds remain valid
if we also sum over p, s and s’. By triangle inequality we have

1/2
S s (@ ) >)

(I,p,s,s")eIex oI

1/2
S Z ap’s’s/((Ule:;S, UI \D,5,8" ) Tp7s,s’)2> +C\/873.

(I,p,s,s")EIEx A

J.E.P. — M., 000, tome 0o



14 H. Aspour-Anziz & P. SeppeciER

As the first addend is bounded by some Ce owing to inequality (11), we get

Z ap,&S’((H?-&-p,s’ - H?s) : Tp,s,S’)2
(I,p,s,s')EFEXA

2 : e+ - 2 5/2
S ap“g’s/ ((Ul,p,s,s’ - UI,p,S,S/) . TP,S,S/) ) + 06 / .
(I,p,s,s')EIE XA

Dealing with all terms in (11) in the same way, we get

1 - B 322
)20z Y e [(@ T ) T )+ o (3(e(05 0+ 6)

(I,p,s,8")eIex o

(Ui U ﬂ?,s) : TJ_S s’ e e
oW PN 4 (¢ — 67.0)))] — OVE

ep,s,s’
> E. (@) + F.(u, ¢°) — CVe.

Passing to the limit we get
lim inf & (v®) > liminf (B, (u®) + F.(u®, ¢°))
> inf {liminf(Ee(UE) + FL(U%,69)) | Uuu}.
This being true for any sequence (u°) with bounded energy and converging to some
function w, Point (i) is proven.

Now let u be a measurable vector valued function and consider any sequence
(U®,60°) with bounded energy (E.(U¢) + F.(U®,6°) < M) and such that U*— u.
On each thickened edge St ¢, Lemma 3 provides a piecewise C* function g , .
satisfying

Ui, +05, (22,71 on BY ,
Ultp,st +071p,s (22,21) on Bi,, o,

and such that

A
Lo (et P+ 5 et ) o

I,p,s,s’
Qp, s, s’ CB 2
< L 2 (1 + 8) I:((UIEer,s’ - U}s,s) . TP’SaS’)
2e €p7578/

B2e? 2 2

o (360 +207.0) = (U = UF ) - Trw)) + (B —207.0)%].
p,s,s’
We can now define u® on Q° by setting u(z) := uj , ; () if ¥ € Sppss. Our

assumptions about the geometry of the graph and our definition of k' make this
definition coherent on the intersections of different thickened edges. By definition
u® = U* and so u®— u. By summation we get

op

&(uf) < (1 + Te) (E-(U?) + F.(U*,6°)).
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Passing to the limit:

inf limsup & (u®) < limsup &2 (u®) < limsup(E:(U°) + F-(U*,69))).
This being true for any sequence (6°) and any sequence (U¢) converging to u, Point (ii)
is proven. O

4. MAIN RESULT

From now on we will seek for the I'-limit & of the sequence of the discrete func-
tionals (E. + F.) defined in (9), (10).

We do not intend to study the way the different boundary conditions which could
be imposed to our structures pass to the limit. That is a very interesting topic as
the boundary conditions associated to second gradient material are rich and have
exotic mechanical interpretation [29],[52]. But studying their whole diversity would
lead to very long mathematical developments. On the other hand, as the structures
we consider may present in the limit some inextensibility constraint, assuming, at it
is frequent, Dirichlet boundary conditions would lead to a trivial set of admissible
deformations. So we decide to consider here only free boundary conditions. As well
known, in this case, the equilibrium of the structure can be reached only when the
applied external actions are balanced and the solution of equilibrium problems is
defined up to a global rigid motion. In order to ensure uniqueness, we need to impose
that U and 6 have zero mean values:

1 & 1 &
(12) IEZUI,S =0, IEZQI’S =0.
I s=1 I s=1

We associate to any sequence (U<, 0°) the families of vectors m3, v7 ; and X7,
defined by

K
€ 1 € g 1 3 g g 1 13 13
(13) my = K ZUI,sa Vrs = E(UI,S —m3), Xp,I *= g(m1+p —mj7)
s=1
and the family of reals wf , . ., defined by

-2 € £ : /
. e (U1+p,s’ — UI’S) “Tpsss if (p,s,s’) €,
WIp,s,s'

(14)
0 otherwise.

Using this notation, we can rewrite the two addends of the energy, E.(U®) and
F.(U¢,0°), under the forms

(15) Bt x) =2 Y0 DD (0w = 0+ X))

I (p,s,s’)
nl £ £ pe a 7575/62 5 £
(16) FE(U » X ,0 ):X Z pT|:3< I+p,s/+01,s
I (p,s,s’)
2

2
5 € £ s € e )2
Ty ] (v1+p,5’ — U1t lep) 'Tp,sys’) + (91+pys’ - 9175) }
Dp,s,s
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16 H. Aspour-Anziz & P. SeppeciER

Let us introduce the continuous counterparts of these quantities. For functions 0, v
defined respectively on Q x {1,..., K} and 7 defined on Q x & x {1,..., K}, square
integrable with respect to their first variable and taking value respectively in R, R?
and R2, we set

(17)  E(v,) = / 3 %((vm—ns<x>+np,s/<x>)-Tp,s,s/)de,

2 (ps.s)

(18) F(v,n,0) := /Q 3 M{f&(@y(ﬂ:)—k@s(m)

p,s,s’
2 N 2 2
- m(%’(m) - Us(l’) + 7717,8’(37» 'Tp,s,s’) + (95’ (x) - 68(35)) ]
We extend this definition to distributions by setting £ = +o0o or F' = 400 whenever
the integrands are not square integrable. For any functions v and v respectively in
L2(R?;R?) and L?(R? x {1,..., K};R?) we set, in the sense of distributions, for any
(p,s) € Z xA{l,...,K}

(19) (nu)p75 = VU : p7
1
(20) (€uw)p,s ' =Vus-p+ §VVu “p-p.
The limit energy of our structure reads
(21) (f(u) = u}%fe {E(w, fu,v) + F(’U, T s '9) | E(Uv Uu) = O} .

Indeed we have
Tueorem 2. — The sequence (E. + F.) T'-converges to & :
(i) For all sequence (U<, 0°) such that U*— u, we have
liminf(E.(U®) + F.(U%,60%)) > & (u).
(ii) For any u such that &(u) < 400, there exists a sequence (U¢,0°) such that
Us—u and limsup(E.(U%)+ F.(U%,60%)) < &(u).

In the next three sections we first prove the relative compactness of the sequences
(U®, 6°) with bounded energies and of the associated sequences m®, v°, x; then we
establish relationships between the limits of these quantities and finally we prove
Theorem 2.

4.1. COMPACTNESS

Lemma 4. — Let (U, 0°) with zero mean rigid motion satisfying
E (U®)+ F.(U%,6°) < M,

then the sequences

L, 105012, L, 0507, (L, IIms ),
(L, 10502, O, Ix5,01%)  and  (L,(@5,.0)%)

are bounded.
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HOMOGENIZATION OF PERIODIC GRAPH-BASED ELASTIC STRUCTURES 17

Proof. The proof is based on the connectedness assumption, on successive applica-
tions of triangle inequality and on the classical Korn inequality. Here M is a constant
which can change from line to line.

Consider (p,s,s’) and (g,s’,s”) in &/. From expression (9) of E. we immediately
deduce that

€ 2 _22 : U}:er,s’ - UIE,S 2
(22) I(wl,p,s,s’) = ( Y Tp,s,s’) <M.
I I

3

From expression (10) of F, we also deduce that

€ e \2 UIE+P>S' B Uis € € 2
(65,0 —05.)° <M and e T S I I WP V3
7 3 3 T €€p7575/ »S, 3

Owing to our connectedness assumption, let us introduce a path (s;, p;, €;)i_; con-
necting node yg , to node y7,, ., as described in Section 2.1. For 0 < j < r, we set

~ - . . : ’
p; = i:l €;p;. Using triangle inequality we have
(67 —05.)° <M
I+pj,s; Is )
I
and thus
(> _ £ _
6-U1+ﬁj“’31+1 UI+Pj+1ysj St — 6 ? <M
’ el Pj»Sj:85+1 I,s .
1 PjSj>Sj+1

: rTe —JJE € £ e L
Setting Uf ¢ ; o = U5y — 07 4(y5+ —yis)" so that
rre rre . £ 5 5 i
UI,S,J—FP,S” y UI,S,J,S/ - UJ—HD,S” - UJ,s/ - 801,561’175'»3”7—1),8’,3”7

last inequality reads

€ _TTE _
U1757[+5j+175j+1 U17571+Pj+175j i 2
T e s < M.
EE PjySjSj+1
T Dj>85585+1

As (22) also implies

-2 rre rre 2
& 2 :((UI)S$I+5j+lysj+1 - UI’S,IJrZ?jJrth) 'ij7sj7sj+1) <M,
I

we get

672 I ||(716>37I+17j+1;3j+1 - [71875,I+17j+175j ||2 <M
I

o gl . R . R -2 7 had 2
which leads, still using triangle inequality, to }EI }|Uf75,1+p7s, — UIE,SJ’SH < M or
equivalently

_ 1112
(23) € ? X ||UIE+p,s’ - UIE,s - ai,s(yi-&-p,s/ - yis) || < M.
I
We focus temporarily on the particular case s = s/ = 1 which reads

(24) e N NU sy = U = e05.0*|* < M
I
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18 H. Aspour-Anziz & P. SeppeciER

and, in order to pass from this local rigidity inequality to a global one without stating
any discrete version of Korn inequality, we use a H' interpolation. We fix two inde-
pendent vectors p and ¢ in & and divide the domain in the disjoint union (for all I)

of triangles (Y7 1, Y7115 YTprq1) a0 (Y7 1,Y7 141> YT 1prq)- The piecewise affine in-
terpolation % ¢ of U¢ defined by setting for any I,

(25) % (yi,1 +elap+bq))
_ {(1 —a)Us +(a—b)Usy +bUs, gy if0O
(L=b)Usy + (b—a) Uiy, +aUs,, ., if0

belongs to H' and satisfies || %°[|7. > C}EI |U5 1 ||? for some constant C. Moreover
on the two types of triangles we have either

eVUT-p=Ulipr —Ury and eV%®-q=Up 41— Uripa
or
eVU® p=Ulipig1 —Ulygr and eV%©-q=Uj; ., —Uf;.

In the first case we can write

ee(%°)|(p@p) = Uiy — Uiy —e07.1p7) - P
ee(%)(@®q) = (Urypigr — Uiy — 07:p107) 4
ee(Z)(p@q+q@p) = (Ui, — Uiy —c0i,p7) g
+ (Ufsprgr — Uiy —075107) - P,
where we have used the identity p*-g+q=*-p = 0. The second case is similar. As p®p,
q®4q, (p®q+q®p) make a basis for symmetric matrices, we obtain ||e(%¢)||?. < M
by using (24) and summing over all triangles. We can then use the classical Korn
inequality: there exists a global rigid motion R® such that the function % ¢ satisfies
|V(%¢ — R°)||{. < M and owing to Poincaré inequality ||%° — R¢||?, < M. Clearly
U< — R is the piecewise affine interpolation of U — R® as in (25). Therefore we get
}I:I Uz, —R° (yfg)H2 < M which, taking into account the fact that U® has zero mean
rigid motion, reads }EI U5, 117 + XI | R®(y5  )II” < M. The bound }EI U517 < M
is obtained.
Noticing on the other hand that, for a rigid motion, I[ | R (y7 )l < M implies
|[VRE||? < M/m? where m is the radius of gyration of the set of nodes (m > 1/3),
we have the bound ||[VZ¢||}. < M. From ||[V%*© - p||7. < M we get

e I U740 = Usa||* < M
I

and thus §E1(9§71)2 <M.
We can now go back to (23). We get

(26) e 2 YU sy = UF || < M.
I
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In particular £ 72 I[ HUiS - U16,1||2 < M and so
(27) Yo7 )* < .
I

Other bounds are now easy to get: taking the mean value with respect to s in (27)
and (26) (with p = 0) gives respectively

(28) Mo lImsl2 < n, Yl 12 < M,
I I
while taking the mean value with respect to s and s’ in (26) gives

(29) ¥ IxG
I

4.2. DouBLE scALE coNVERGENCE. — The bounds that we established in Lemma 4
imply the existence of 0, u, v, x, and w, s ¢ in L? such that, for any s and up to

1 < M. O

subsequences,
13 £ (> 1> g
(30) 05—0s, m —u, vi—vs, Xp—Xp  and wh oW

The following lemma establishes useful properties of these limits. We follow the meth-
ods used in [6] for establishing properties of double limits.

Lemva 5. — We have
K
(31) Us—u, sz:O and  xp=Vu-p.
s=1
Moreover there exist some fields w, and \in L2(R?; R?) such that, for any (p,s,s’) € <,
1
(32) Wp,s,s" = (ws’ —ws + V(US/ + )‘) “p+ ivvu ‘D p) *Tp,s,s’+
Proof

— The convergence of v¢ implies that (U — m®)— 0 and so US— w.

— The fact that Zle v7 = 0 clearly implies that 25:1 vs(x) = 0.

— To check that x, = Vu-p, it is enough to notice that, for any smooth test field ¢
with compact support,

/Q Xp(@) - (@) = lim N e (mi ., = m) - lyf) =lim Y ms e~ (p(y7_,) — 2 (7))
I I

—tim Y i (~V(07) ) + O(e)) = = [ ula) - (Vola) - )
I

Q

- [ (Vut@)-p) - pta).

— Characterizing the limit wp s ¢ is more delicate. To that aim, let us introduce
the set 24 of families of distributions in H~!(R?):

Da = {%,s,s/ = (ws’ —ws+VA- p) *Tp,s,s’ | (p7575/) €, ws € L2a A€ L2}
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20 H. Aspour-Anziz & P. SeppeciER

and 247" its orthogonal, that is the set of families (¢p,s,5' ) (p.s,s")esr Of functions in
Hl(Rz) such that, for all Vps,s' € Da, Z(p,s s)est <'l/1p,s,s’, ¢p75,s/> = (. Let us remark
that, for any ¢ € Z4~ we have

(33) Z (V¢p,s,s/ 'p) Tp,s,s’ = 0.

(p,s,s’ e

and for any (w,) € L2(R?;R?)K

(34) Z ((ws/ - ws) : Tp,s,s/) ¢p,s,s’ =0.

(p,s,s") e

If we extend ¢ by setting ¢, s, = 0 whenever (p, s,s’) ¢ o/ we can rewrite this last
equation as

D2 T Gpaw ~ Tt pa =0 V(pys,8) € P x {1 K,
(p,s,s’)
Thus for such functions we have, using (34),

/ Y G (@)ps ()

(p,s,s’)eod

fth > AUl — UR) (G (0] Tis,o')

(p,s,s") e/
= lim X Z vI—i—p s’ 1)?3/)+€71(1)?S/ 711?,5)
(P )EQ{ -2 € 5 £
+ e MGy —m7))  (Pp,s,s (YT Tp,s,s7)
=t P )+ 0y~ ) it 07
(p,s,s )Eﬂ

Considering only smooth functions ¢, s s+ with compact support we can estimate the
first addend by

S ST e W~ ) (G (7))

I (p,s,s’)ed

=tm Y D vhe [ (Gpss (U5p) = Gpisns (D) ]

I (pss)ed

—tm M Y i [(-Vépes W) P)Tps] + O)

I (pss)ed

- 7‘/Q Z Vs’ (’JJ) ’ [(VQSP»&S/ (SC) ' p)Tp,s,s’} dx

(p,s,8") e

= 3 {(Vor@) P G (0)7pis))

(p,s,s’)eol
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The second addend becomes using (33)

i Yo ST e 2 mi, =) - (6pss () Tpss)

I (p,s,s’")esl
=tim Y Y s (B (9 ) — s (1)) s
I (ps,s')edd
= limx Z mg - {(—871V¢p,s,s’ (y7) p+ %vvd)p,s,s’ (y7) p- p)Tp,s,s']
I (p,s,s’)ed
% 5 i (275t )]
(p,s,s")eol
/ Z u(x) - [(§Vv¢p,s’5/ () -p- p) TP,S,S/} dx
(p,s,s" e
= 3 (V@) PP G @)
(p,s,s’)eod

Collecting these results we obtain that the distribution
1
Wp.s,s — (Vvsf ‘p+ §VVu-p-p) Tp,s,s!

is orthogonal to all smooth functions in 24~ with compact support in Q. As they
are dense in .@AJ‘, we know that there exist some fields ws and X in L?(R?;R?) such
that, for any (p,s,s’) € o,

1
Wp,s,s" = (’U}S/ — Wg + V(’US/ + )\) -p+ §VVu D p) *Tp,s,s’+ O

4.3. PROOF OF THE HOMOGENIZATION RESULT

Proof. — To prove assertion (i) of Theorem 2, we consider a sequence (U, 6%) with
bounded energy: E.(U¢) + F.(U¢,6°) < M (otherwise the result is trivial). Therefore
g2 E.(U¢) tends to zero. We know from (30) and (31) and Remark 1 that v¢— v, and
Xp— Nu- From Remark 2 we get

0 = liminf(*E.(U)) = liminf(sQEE(vs,Xs)) > E(v,ny)-
g

g
Hence E(v,n,) = 0. Rewriting now E.(U¢) as
a 78 s’ 2
I Z s 7p75>S,) ’
(p,s,s’)

the energy reads

— — Ap,s,s’ 2
(35) EE(Usa Xs) + FE(U€7 Xsa 95) = I Z p,T [(w?,p,&s’)
I (p,s,s’)
B2 2 2 2
+ ? (3(9?&-;),3/ + 0?,5 - f(vf—&-p,s/ - ’U?S + X?p) : T;s,s’) + (0;+p,s/ - 0?,5) )] :

D,s,s’
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Using again (30), (31), (32) and Remarks 1 and 2 we get
(36) liminf(E.(v°, x%) + F-(v°, X%, 6%))
g

2 /Q > %[(%,s,s/(m))ﬁ%2(3(951(;3)%8(;3)

(pss,s")
(030 (@) = vs(2) + xp () - T )+ (0 (2) = 05(2))”) | do

2 }
P> E(w, gu,er)\) + F(UV N> 0)

gp,s,s’

Noticing that F(v — A\, 1,,0) = F(v,n,,0) and E(v + \,n,) = E(v,n,) = 0, we get
the desired bound.

In order to prove assertion (ii), let us now consider a function u such that &(u) <
+00. By a density argument, we can assume that v € C°°(2). We introduce (v, w, 6)
such that &(u) = E(w, &u) + F(v,1m4,0) and E(v,7n,) = 0. Their existence is ensured
by the coercivity and lower semicontinuity of these functionals. The fields (v, w,0)
also belong to C°°(€). Note that F(v,n,) = 0 implies that, for any (p, s,s’) € «,

(37) (Vs = Vs + VU p) Tposy =0

from which we can deduce that

(38) (Vvg - p—Vus - p+VVu-p-p) 1pss =0.

We now define U¢ and 6° by setting

(39) Ui = u(yp) +evs(yp) +e*ws(y7) and 67 = 0,(y5).

It is clear that U*—u and 65— 6,. Let us compute E.(U?) + F.(U¢,0°). We have,
using (37) and (38),

WY p,s,s! = 5727’177575' “(Ufgps —Uls)
= Ty + |22 (V1) — u(0D)) + w0 (07 1) — 5 07)
7 (0o (W5 1p) — Vo)) € (000 4) — s (49))]
= Ty [VUD) P+ GYVUGE) PP we () — (o)
— e 'Vu(yiy,) P+ Vus(y7) - p} +0(e)
= T (5 VVU) -+ T0a(y) P w0 y) — wa0)) + O()

1
= st (VVUWE) PP+ Tuur(7) - P+ w7 ,) — wiy7)) + O).
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Hence wi , ;o = Tps,s' ° (wy(yﬂp) —ws(Y7) + (Cuv)p,s’ (3/?)) + O(e) and
. . a ;8,8
(40) lim E.(U®) = th Z pT(wins,S’)Q
I (p,s,s’)eod

’ 2 —
= /Q( Z alﬁ% ((U}S/ (x) - ws(x) + (guﬂ))p,s,s’) 'Tp,s7s’) = E(w7§u,v)-

p,s,s’)EA
On the other hand

e e e Uiype —Uls)
= s (7 (W) — 0 0D) + 0w (i) — a(50)) +O(6)
= Tpa (VU(y?) P+ Vs (Yigp) — vs(y?)) +0(e).

As US(y§+p) = vs(y5) + O(e) and 95(y§+p) =0,(y5) + O(e), we have

, 32
(41) T F(U%,09) =lim M Y- %[3(93,(%”95(@

I (p,s,s’)
2 € € € €L 2 € £1) 2
— T (0a (¥7) = v (y7) + VulyD) - P) - )+ (0 (95) = 0.(51))
P;S,S
= F(v,n,,0).
The result is obtained by collecting (40) and (41). O

5. MAKING EXPLICIT THE LIMIT ENERGY
In the limit energy we have identified, namely
E(u) = infa {E(w,fuﬂ,) + F(v,n4,0) | E(v,n,) = 0} .

one has to compute the minimum with respect to three extra kinematic variables.
These minima can essentially be computed locally, through “a cell problem”. This is
clearly the case for § and w for which solutions depend linearly respectively on &, ,
and (v,7,). The quadratic constraint E(v,n,) = 0 is also easily solved and v takes
the form v = L - n, + A with L a linear operator and A any field in the kernel of this
energy. Collecting these results, & becomes the integral of a quadratic form of the
quantities Vu, VVu, A and V. This procedure is pure linear algebra dealing with
very low dimensional matrices. The computation can even be performed analytically
but using a software like Octave® or Matlab® saves a lot of time.

A priori, the infimum with respect to A cannot be computed locally and the
limit model involves this extra kinematic variable: it is both a generalized contin-
uum model [31] and a strain gradient model. The variable A, which could be called
a “micro-adjustment”; always plays a fundamental role in the limit energy. However
in many cases, VA can be computed locally and A can be eliminated. This is the case
for the three examples we have provided in Figures 1 and 3. For making explicit the
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limit energy of these three examples, we fix the values of the interactions by assuming
that ap s s =1 for all connecting edges and that § = 1: we obtain

— the homogenized material corresponding to graph given in Figure 3a is submitted
to the constraints
e1,1(u) =0, e2,.2(u) =0

and has the following elastic energy

éa'(u):/Q3(el’g(u))2 dzx.

It corresponds to a classical elastic material which is inextensible in the directions e;
and es.

— the homogenized material corresponding to graph given in Figure 3b is submitted
to the same constraints e 1(u) = 0, ez 2(u) = 0 but has the following elastic energy

1 2ug\ 2
E(u) = /Q 9576(61,2('11,))2 + 16 (%é) dx
We get here a second gradient material. The point is that all odd horizontal layers
of the structure, owing to the diagonal bars, behave like bending beams. The second
gradient term of the homogenized energy results from this phenomenon. We are in a
similar case as the ones described in [47], [21]. The energy is not complete : indeed it
can be rewritten

96 2 1 0 (’)ug 8’[1,1 2
= [ B 5[ (32 - )
() /Q 5 (120)" 4 1615 (50, ~ amp)| &
The homogenized material enters in the framework of couple-stress models.
— the homogenized material corresponding to pantographic graph given in Figure 1

is more interesting. It is submitted to the constraint es o(u) = 0 and has the following
elastic energy

&(u) = /Q {72(61,1(71))2 + 144(61,2(u))2

3 82u1 2 82u2 2 1 82U1 82’11,2 2
2Ly ( Ty, Ly | .
] 88(( 022 ) +( 022 )+ 5l Drr0ws T o ) )} drdr;

The presence of the term (82u1 / 890%)2 makes this energy a complete second gradient
one. Due to this term, the homogenized material has an exotic behavior: when a part
of the domain is extended in the e; direction, then this extension tends to expand in
the e; direction. The term (6171)2 damps this expansion with a characteristic length

6. ConcLusioN

We have proved that the homogenized energies of our graph-based structures cor-
respond to second gradient models possibly with an extra kinematic variable. Using
our general result, it is very easy to test different designs and to understand the
source of second gradient effects. Our results differ from the energies which could be
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obtained by a formal asymptotic development (for instance in [45] equation (4.46)).
It is obvious that one must not approximate the displacement field inside the struc-
ture by a Taylor expansion of the macroscopic displacement field: this approximation
is much too rough for our structures and would overestimate the homogenized en-
ergy. But assuming a double scale expansion for the displacement field is still not
accurate enough: such an expansion cannot describe the flexural behavior of the slen-
der rectangles which (see the proofs of lemmas 2 and 3 in the appendix) is due to
Bernoulli-Navier displacements at scale 2. However, even if a double scale expansion
cannot be used for our original problem (3), we note in view of (39), that it could be
used for the displacements of the nodes in the discrete problem E. + F. and would
lead to the correct homogenized behavior.

We must warn the reader that the source of second gradient effects does not en-
sue from flexural interactions. The fact that bending stiffness is by itself a second
gradient effect may indeed be misleading. The reader may infer that the presence in
our structures of slender slabs, in which Euler-Bernoulli-Navier motions take place, is
the source of the homogenized second gradient effects. We emphasize that is not the
case: even when 8 = 0, that is when bending stiffness is neglected, second gradient
effects remain. They are due to the extensional stiffness of the slender slabs and to a
particular design of the periodic cell while the bending stiffness is, on the contrary,
the source of the first gradient effects in the homogenized energy and ensures the
relative compactness of the considered energies. To understand the nature of the ap-
pearance of second gradient through the homogenization process and to conceive new
structures with such effects, we recommend the reader to forget bending stiffness and
focus on the case § = 0 reminding that relative compactness could also be ensured
by suitable boundary conditions.

The reader must also be aware that, depending on the geometry of the considered
graph, second gradient effects may be present or not. They are present when con-
sidering the graphs represented in Figure 3(b) or 1 but absent when considering the
graph of Figure 3(a). The interesting designs are those having floppy modes when
considering only the extensional energy but such that the floppy modes must have
uniform strain. For instance, the interest of the graph represented in Figure 1 lies in
its uniform horizontal global extension floppy mode.

The detailed description of the algorithm which makes explicit the limit energy for
different dimensions of space and periodicity will be given in [1].

7. APPENDIX

Here we collect sketches of the technical proofs of the lemma needed for the reduc-
tion of the 2D elastic problem to the discrete one.

Proof of lowerbound Lemma 2. — By adding if needed a rigid motion to u, we can
restrict our attention to the case Uy = Uy = 0 and U; = —U;". We also remark
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that, for any o € L2(w),

[ el + 5 we?) > = [ (el = o) + [ et

Let us choose
B (a +2b(z1 + c)xe b(e? — x%))

b(e? — 23) 0
with
2y 3y n 0ot —6-
aZTUl’ b: €2 (9 +6 ) and ngm
Setting Y () := 47i(fi + \)/(2i + A) (which takes the values Y and kY), we have
1 2 A 2 1 2
—|o||” — —=——1tr(0)" = 1+v)|o||*—vtr
7~ g N = g (Al -y a)?)

1
- = ((a 4 2b(z1 + €)a2)? + 202(1 + v) (e — x§)2).

Integrating over the thickness we get

1 A
[ gl - === tx(o?
Z 8R(A + 1)
32¢5

2 8e3
- / — (26(],2 + %b2(x1 +e)? + 1—;(1 + I/)bQ) dx.

Direct computations give

£/2 1 / k/
= dri < =(14+2—-
/_g/g Y(g;l) ! Y( k f)

£/2 (:v +c)2 3 v
/_e/zfi(xl)dxl < 3g7 B+ (6¢/0) (14125 9).

and

Hence

[ ol - =2 (o
An 81\ + 1) iy i
S 17 U+ (367407 07 - 07)7)

On the other hand, noticing that the chosen field o is divergence free and thus that
[, o:e(u) = [, (0-n)-u, we obtain

/U:e(u) ,
4 > (1= O [oury + S (307 +07) + (07— 07)?) ~ St 2],

The lemma is proven by collecting these two results. |
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Proof of upperbound lemma 3. — By adding if needed a rigid motion to u, we can
restrict our attention to the case Uy + 6 ke = Uy — 0T k'e =0and U; = -U;". In
that case we simply have to state for the energy the upperbound

@) [ (7P + 5 trew)?)

Y 2
<Faren Wi —urR+ S (32t 1002 + 0 - 0)),

14 1 3
where v := (£ — 2k'e)/¢ = 1 — 2k’e/¢. We introduce the continuous piecewise affine

function ¢ defined by

1 if |z < é — 2K,
p(r) =

14
0 if |z > §—k’e.

Then we define u by setting

14
U™ +0 (—z2, 21+ 0/2) ifx1<—§+k'e,
u(wy, w2) = ¢
Ut + 0t (—za,21 — £/2) ifa:1>§fk’e,

and, for |z1| < (¢/2) — K'e,

.
ui(z1,22) = (Uy = U )72
1 1222 _ 4y _ _
- @( 721(9@9 )+ gt — 07y — 20t + 0 ))xg
Y (23, _ i _ 422 9
yre(z1) - 624 _ T3

_ T(z(w Ui e = (SO +07) 007 -0 ))72).
It is straightforward to check that u belongs to H!(w;R?) and some cumbersome but
direct computations lead to estimation (42). O
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