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Solving Unbounded Quadratic BSDESs
by a Domination method *

Khaled Bahlali

Université de Toulon, IMATH, EA 2134,
83957 La Garde Cedex, France.

Abstract We introduce a domination argument which asserts that: if we can dominate the
parameters of a quadratic backward stochastic differential equation (QBSDE) with continuous
generator from above and from below by those of two BSDEs having ordered solutions, then
also the original QBSDE admits at least one solution. This result is presented in a general
framework: we do not impose any integrability condition on none of the terminal data of the
three involved BSDESs, we do not require any constraint on the growth nor continuity of the
two dominating generators. As a consequence, we establish the existence of a maximal and
a minimal solution to BSDEs whose coefficient H is continuous and satisfies |H(¢,y,2)| <
ar + Bily| + 04z + f(ly])|z|?, where oy, B, 0; are positive processes and the function f is
positive, continuous and increasing (or even only positive and locally bounded) on R. This is
done with unbounded terminal value. We cover the classical QBSDEs where the function f is
constant ([10], [12], [23], [25]) and when f(y) = yP (|21]) and also the cases where the generator
has super linear growth such as y|z|, el¥"|z[P, e 1212, (k > 0,0 < p < 2) and so on. In
contrast to the works [10, 12, 21, 23, 25|, we get the existence of a a maximal and a minimal
solution and we cover the BSDEs with at most linear growth (take f = 0). In particular,
we cover and extend the results of [22] and [24]. Furthermore, we establish the existence and
uniqueness of solutions to BSDEs driven by f(y)|z|?> when f is merely locally integrable on R.
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Keywords : Superlinear backward stochastic differential equations, Quadratic backward stochas-
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1 Introduction

Let (Wi)o<t<r be a d-dimensional Brownian motion defined on a complete probability space
(Q,F,P). We denote by (Ft)o<t<r the natural filtration of W augmented with P-negligible
sets. Let H(t,w,y, z) be a real valued Fi-progressively measurable process defined on [0, T x
Q x R x R?. Let ¢ be an Fr-measurable R-valued random variable. Consider the BSDE

T T
Y,:Zf—i-/ H(S,YS,ZS)ds—/ ZdWs, 0<t<T (eq(&, H))
t t

£ is called the terminal value and H is called the generator or the coefficient. A BSDE with
data (&, H) will be labeled eq(¢, H) or BSDE (¢, H) or BSDE(¢, H).

*Partially supported by PHC Toubkal/18/59.



Definition 1.1. (i) We say that eq(§, H) is quadratic if H has at most a quadratic growth in
its z-variable.

(13) A solution to eq(&§, H) is a process (Y, Z) which satisfies eq(&, H) on [0, T] and such
that Y is continuous, f(;f |Zs|?ds < 0o a.s and f(;f |H(s,Ys, Zs)|ds < 00 a.s.

(7i1) A positive solution is a solution (Y, Z) such that Y; > 0. We Symmetrically define a
negative solution. A bounded solution is a solution (Y, Z) such that'Y is bounded

eq(&, H) is related to partial differential equations (PDEs), optimal stochastic control and
mathematical finance (risque measure, utility maximization, etc.). The Quadratic BSDEs were
studied in many papers, among them one can cite the works [6, 7, 10, 12, 13, 17, 19, 21, 23,
25, 28).

In this paper, we are concerned with the existence of solutions to BSDEs whose generator
H satisfies |H(t,y,2)| < aq + Bely| + 0clz| + f(|y|)|z|?, where oy, B, 0; are positive processes
and the function f is positive on Ry and locally bounded but not globally integrable on R. We
are motivated by the fact that the BSDEs driven by H(t,y, z) = g(ci,y) + f(|y|)|z|* appears
in stochastic differential utility, see [17]. This type of BSDEs are also related to quadratic
PDEs appearing in financial markets, see [18]. Let us present another motivation : it has
been recently shown in [6, 7] that the BSDEs driven by a generator H satisfying |H (¢,y, z)| <
a+ Byl +0|z|+ f(Jy])|z|? have solutions when f is globally integrable and «, 3, 6 are constant.
However, these two works can not cover the classical BSDEs driven by |z|?, since they assume
that f is integrable on R . Thus, the following questions naturally arise:

1) Are there BSDEs whose generator H satisfying |H (t,y, 2)| < s+ Bely| +0¢ 2| + £ (ly])|2]?
that have solutions without assuming the global integrability of f ¢

2) If yes, what integrability condition we should require on the terminal value § ?

The following example gives a positive answer to the first question. It moreover shows that
neither global integrability of f nor integrability of £ are necessary to the existence of solutions.

Example 1.1. Consider the BSDE
T T
Y, = 5+/ g, (Ys)|Zs|?ds — / ZdW,, 0<t<T. (1.1)
t t

where for a set A, 14 denotes the indicator function of A.

Equation (1.1) is not covered by the works [10, 12, 17, 13, 19, 21, 23, 25, 28|, since Iy, is
neither constant nor continuous. It is also not covered by the works [6, 7, 17|, since the function
g, is not globally integrable. Nevertheless, equation (1.1) admits a solution without any
integrability condition on . Indeed, the function u(y) := %(6274 — 1)1g, (y) + yIgr~ (y) belongs
to the Sobolev space W12 1oc(R) and solves the differential equation $u”(y) — Ig, (y)u'(y) = 0
on R*. Therefore, using It6-Krylov’s formula for BSDEs (see [6, 7]) one can show that equation
(1.1) has a solution if and only if the following equation has a solution.

T
Y, = u(é) — / ZdWs, 0<t<T. (1.2)
t

By Dudley’s representation theorem [16], equation (1.2) has a solution without any integrability
condition on u(§). Since u is a one to one function from R onto R, we deduce that equation
(1.1) has a solution without any integrability of £. If moreover, u(§) is integrable then equation
(1.1) has a unique solution (Y, Z) such that u(Y") belongs to class (D). Other examples will be
presented later.



The aim of this paper is to introduce a domination method which allows to solve eq(&, H)
when ¢ is unbounded and |H (t,y, )| < ay+ Bely| +0:| 2|+ f(|y])|2|?, where oy, By, 0; are positive
processes and the function f is positive on R and locally bounded but not globally integrable
on R. Our strategy is divided into five stages each of which has its own interest:

In the first step (i), we establish existence, uniqueness and comparison of solutions to BSDEs
driven by f(y)|z|?> when f is locally integrable, this covers the classical case where f is constant.
It will be shown that when us(R) = R, then the BSDE (&, f(y)|z|?) has a solution without any
integrability condition on the terminal value, and when uf(R) # R, then the condition us(§)
integrable is necessary to the existence of solutions for eq(&, f(y)|z|?). We also show that the
uniqueness as well as the comparison hold for BSDE(E, f(y)|2|?) in the class of solutions such
that us(Y") belongs to class (D).

In order to explain the other steps, we precise some notation, definitions and assumptions.
Some notation. For given real numbers a and b, we set aAb:= min(a,b), aVb:= max(a,b),
a” :=max(0,—a) and a* := max(0,a).

. . T [T Bods

For given positive processes o and /5 we denote &, g := ([ + fo agds ) elo P59,

We define f;t’ 5 and £ 5 in likewise manner.

For p > 0, we denote by L (R) (¥  in short) the space of (classes) of functions u defined

loc
on R which are p-integrable on bounded set of R. We also denote,

2
WP

,loc
its generalized derivatives «’ and u” belong to LY (R).

:= the Sobolev space of (classes) of functions u defined on R such that both w and

C := the space of continuous and F; —adapted processes.

8P := the space of continuous, F; —adapted processes ¢ such that E (supg<;<r |¢¢|P) < oc.
L? :— the space of F; —adapted processes ¢ satisfying fOT lps|?ds < +o00 P-a.s.

b
MP:= the space of Fy—adapted processes ¢ satisfying E [(foT ’%‘st) 2} < 4o00.

We say that the process ¢ := (¢s)o<s 7 belongs to class (D) if supg<, <7 |Y7| < 0o, where
the supremum is taken over all stopping times 7 such that 7 < T

BMO is the space of uniformly integrable martingales M satisfying sup.. |[E(|Mr—M;|/F;)||s <
oo, where the supremum is taken over all stopping times 7.

For a given locally integrable function f defined on R, we put

wp(y) : /Oy exp <2 /jf(r)dr) da. (1.3)

The properties of the function uy are given in Lemma 5.1 of Apendix.
Consider the following assumptions.

(A1) H is continuous in (y, z) for a.e (t,w) and satisfies,

[H (t,y, 2)| < ar + Belyl + f(lyl)] =

where oy, By are some (Fi)-adapted processes which are positive and f is a real valued function
which is continuous, tncreasing and positive on R

(A2) uf (€a,p) s integrable,



where uy is defined by (1.3).

In step (ii), we introduce the domination argument (Lemma 3.1 below) which is an abstract
result that gives the existence of solutions to BSDEs without integrability condition on the
terminal value. It asserts that: if ({1, H1) and (&2, H2) are two BSDEs which respectively admit
two solutions (Y1,7Z1) and (Ya, Z3) such that (&1, H1,Y1) < (&2, H2,Y3), then any Quadratic
BSDE (&, H) with continuous generator and satisfying (§1, H1) < (€, H) < (&2, H2) has at least
one solution (Y, Z) such that Y1 <Y < Y. Moreover, among all solutions which lie between Yi
and Ys, there are a maximal and a minimal solution. The proof of this result do not need any
a priori estimate nor approximation. It is based on the remarkable work [20] on the existence
of reflected QBSDEs without any integrability condition on the terminal value. Actually, we
derive the existence of our QBSDE from a suitable reflected QBSDE.

In steps (i7i)—(iv), we use the domination argument to show that when assumptions (A1),
(A2) are satisfied then eq(§, H) admits a mazimal and a minimal solution satisfying some
conditions which will be precised later. We cover the results obtained in [10, 12, 21, 23| and
also the cases where the generator has super linear growth such as y|z|, el¥/|z|P (0 < p < 2)
elvl| 2|2 and more generally the case |H (y, 2)| < oz + Bely| + g(|y])|2|” + f(|y|)|z|? where f and g
are continuous, increasing and positive on Ry, and 0 < p < 2. In all these cases, the existence
of solutions is established with an unbounded terminal value. Although the case where the
function f is globally integrable is not covered by assumption (Al), one can again use the
domination argument to show that if H satisfies (A1) with f globally integrable and &, g is
integrable, then eq(¢, H) has a maximal and a minimal solution; this extends the result of [6, 7]
to the case where a, 3 are processes and ¢ is merely in L!.

In step (v), we establish the existence of solutions to eq(§, H) under the the following
assumptions:

(A3) H is continuous in (y, z) for a.e (t,w) and satisfies,
[H(t,y, 2)| < e+ Bilyl + 0l + F(lyDl2I®

where oy, By are some (Fi)-adapted processes which are positive and f is a real valued function
which is continuous, tncreasing and positive on R

(A4) Sug]E (F67Tuf(£aﬁ)) = Sug]E (efoT@rﬂ'rdWT.—% 0T672«|7T7-‘2d7’uf(£a”8)> < 400
TE e

T
where > := {7? € L2, |r| € {0,1}, a.e. and esssup/ 02|, |2dr < +oo}.
w JO

In this case, we use again the domination argument to reduce the solvability of eq(&, H) to that
of eq(us(£a,8), 0¢]2]) and then to deduce the existence of solutions to eq(¢, H). It should be
noted that the works [6, 7, 10, 12, 17, 13, 21, 23, 25, 28| consider only the case 6; = 0. To the
best of our knowlege, the case 6; # 0 is considered only in [7, 19] and in the present paper.
We emphasize that assumptions (A1)-(A2) are covered by (A3)-(A4). However, for the sake of
clarity and to make the paper easy to read, we separately treat these two situations.

Let us now present our method and their advantages when 6; = 0: In order to establish
the existence of solutions, we first only assume (A1) then we prove that the solvability of
eq(&, H) is reduced to the positive solvability (i.e. Y > 0) of the two BSDEs eq (u]e(f;rﬁ), 0)

and eq(u}c(é’;ﬁ), O) (see the proof of Proposition 3.1). We finally show that the latter two
BSDEs have simultaneously positive solutions if and only if assumption (A2) is satisfied. This



shows how assumption (A2) is not a priori imposed here but is generated along the proof. Our
method makes it possible to control more precisely the integrability condition we should impose
to the terminal value.

Here are some other advantages of the domination method: instead of eq(¢, H), we only
work with the dominating equations eq(&1, H1) and eq(§2, Hz) which are more simple than the
initial one (§, H). In contrast to the papers [10, 12, 25, 23, 28], our method allows to get
the existence of a mazimal and a minimal solution. It moreover allows to deal with all one
dimensional BSDEs up to quadratic ones and seems unify their treatment. Note also that,
the three involved terminal data &, & and & are not necessary integrable, the two dominating
coefficients Hy, Ho are merely measurable and can have arbitrarily growth. Only H(t,y, 2)
should be continuous on (y, z) and of at most quadratic growth in z. In return, the solutions
lie in C x £2 and hence not necessary integrable.

We summarize the results of some previous works in the light of assumptions (A1)-(A2). The
case where f is constant and «a, 8 do not depend on w has been considered in [23] where the ex-
istence of bounded solutions is established provided that the terminal value is bounded. In [12],
the existence of solutions is obtained when «, 5 and f are constant (f(y) = 3) provided that

exp(7|¢]e”T) is integrable. The authors of [10] consider the case where f is constant(f(y) = )

and established the existence of solutions when exp[y(|¢| + fOT asds)efoT Psds] is integrable. In

[19], the authors consider a generalized QBSDE and the function f is replaced by a contin-

uous process 1, the existence of solution is then obtained provided, when o = § = 0, that

%ﬂ{c%w} + [§|1yc,—0y, With Cp = suprs. The authors of [6, 7| consider the case
s<T

where «, 8 are constant and f is globally integrable and they established the existence of

solutions in S? x M? when the terminal value is merely square integrable.

Let us briefly describe the principal methods used in some previous papers. When the
function f is constant, two methods have been essentially developed in order to establish the
existence of solutions. The first one is the monotone stability [10, 12, 23, 25]. The second
approach is based on a fixed point argument and has been introduced in [28]. In the latter, the
uniqueness is also obtained but it requires that the generator satisfies the so-called Lipschitz-
quadratic condition. These two methods use some a priori estimates and approximations which
are sometimes difficult to obtain. It should be noted that, the papers [10, 12, 23, 25, 28] consider
the cases where the terminal value is bounded or at least with some exponential moments. An
alternative method was recently developed in [6, 7]. This method are based on the work
[20] where the existence of reflected QBSDEs is established without any integrability of the
terminal value. The idea, used in [6, 7], consists then in deriving the existence of BSDEs from
the existence of a suitable reflected BSDEs when the solutions belong to S? x M2,

We now compare our method with those of [10, 12, 21, 23, 25, 28]. In the latter, the
authors proceed as follows: they first impose some integrability (or boudedness) condition on
the terminal value €. Next, they establish some a priori estimates for the solutions by using the
integrability (or the boundedness) of £. This allows them to prove the existence of solutions by
using a suitable approximation.

Our approach is completely different: in order to prove the existence of solutions, we only
use Lemma 3.1 and some change of variables formulas. We do not need to establish any a priori
estimates of the solutions. We do not need to construct any approximation. In contrast to the
previous papers, the integrability of the terminal value is not a priori imposed but obtained by
solving an inverse problem. In contrast to the works [10, 12, 21, 23, 25, 28|, our result covers
the BSDEs with at most linear growth, and in particular it extends the results of [24] and [22]
by taking f = 0.



The paper is organized as follows. In section 2, we establish the existence and uniqueness for
the BSDE (¢, f(y)|2]?) when f is locally integrable on R, we also give some examples of BSDEs
which have solutions without any integrability of the terminal value €. In section 3, we begin by
introducing the domination argument then we use it to establish the existence of solutions to
eq(&, H) under conditions (A1)-(A2) and also under assumption (A3)-(A4). Some integrability
properties are also established for the solutions of eq(§, H) under additional assumptions which
will be specified below in section 3. In section 4, we treat the BSDEs with at most logarithmic
growth yIn|y|. Using the domination argument and some change of variables, we show that
these equations can be solved by using the quadratic BSDEs and vice-versa. Insection 5, some
auxiliary results are given.

Since our approach consists in reducing the solvability of eq(§, H) under assumptions (A1)
[resp. (A3)] to the positive solvability (Y > 0) of eq(u]c(giﬂ), 0) [resp. eq(us( ;Zﬁ)’ 0¢z])], the
following two propositions which study the existence of positive solutions to these two simple
BSDEs are then useful.

1.1 Two basic BSDEs

The following proposition is useful in studying the solvability of (eq(§, H) when assumption
(A1) is satisfied. It characterizes the existence of positive solutions to a BSDE driven by a null
generator.

Proposition 1.1. The BSDE ((,0).
I) According to Dudley’s theorem [16], the following BSDE has a solution for any Fr—
measurable random variable C.

T
Y = C—/ zsdW (1.4)
¢
Furthermore,

(1) If ¢ is integrable, then equation (1.4) has a unique solution (y,z) such that y belongs to
class (D) given by Yy = E(C/F;). Furthermore, z belongs to MP for each 0 < p < 1.

(ii) If ¢ is positive and (1.4) has a positive solution, then ( is necessary integrable.

(791) If ¢ # 0, then for any process z, (0,2) could not be a solution to the BSDE ((,0).

Proof Assertion (i) can be proved by using a usual localization and Fatou’s lemma. We
prove Assertion (i7). Dudley’s representation theorem allows us to show that eq((,0) has at
least a solution (y,z) in C x £2. Since ( is integrable, then y, := E((/F;) is a solution which
belongs to class (D). It follows that the stochastic integral fO zsdWy is a uniformly integrable
martingale. Using Proposition 4.7, Chap. IV of [27] (see also [14]) and the Burkholder-Davis-
Gundy inequality we show that z belongs to MP, for each 0 < p < 1. We shall prove that the
process (y, z) we just constructed is actually the unique solution such that y belongs to class
(D). Let (y', 2') and (2, 22) be two solutions such that 3! and y? belong to class (D). It follows
that 3! — y? belongs to class (D) and hence the stochastic integral (f(f(zsl — 22)dWy)o<i<T is a
martingale in class (D). It follows that y' = 3?. Using the Burkholder-Davis-Gundy inequality,

/2
we show that E [(fOT |zt — z§|2)p ] = 0. Assertion (ii) is proved. We shall prove (iii). Let

¢ # 0. Assume that there exists a process z such that (0, z) is a solution to eq(¢,0). Then for
anyt<T, 0=(— ftT zsdWs which implies that ¢ = 0 by putting ¢t =T [ |



The following proposition, which is taken from [19] (Proposition 6.1 of [19]), gives a nec-
essary and sufficient condition which ensures the existence of positive solutions to the BSDEs
driven by the generator 6;|z|. This proposition is useful when assumption (A3) is satisfied.

Proposition 1.2. ( [19], Proposition 6.1). The BSDE (¢, 6;|2|?). Let ¢ be a positive Fr—
measurable random variable. The BSDE

T T
Yy =C +/ Os|zs|ds —/ zsdWs , t<T (1.5)
t t
has a positive solution if and only if

sug:E (T51¢) = sugE (efc;f euﬂuqu_%foTei‘”"Fd“C) < 400 (1.6)
TE s

T
where Y = {ﬂ' € L2, |r| € {0,1}, a.e. and esssup/ 02|, |2du < —l—oo}
w Jo

In this case, there exist z € L* and i, := ess sup E(LF pC|Fy) such that (i, Z) is the minimal
TEY,
solution of Equation (1.5). Furthermore, gz > E((|F) > 0, for each t € [0,T].

2 The BSDE(S, f(y)|2[°)

The BSDE(&, f(y)|2|?) will be used in order to solve the general equation (&, H) with |H (t,y, z)| <
as|y| 4 Bely|+0¢| 2|+ £ (ly])|2|?. However, since eq(&, f(y)|z|?) is interesting itself and do not need
the domination argument, we give in this subsection a complete study of this equation in the
case where the function f is locally integrable but not necessary continuous. A characterization
of the existence of solution is given for this equations. This is related to the function wuy, and
for instance, when us(R) = R then the BSDE(&, f(y)|z|?) has a solution for each terminal value
&. No integrability is required to the terminal value £&. We start this section by some examples
which are covered by the present work and not covered by those of [6, 7, 10, 12, 19, 21, 23, 25, 28|.

2.1 Some examples of QBSDEs with non integrable terminal value

Example 2.1. Let fi be a bounded function which is globally integrable on R. We assume
that f is bounded by 1 for simplicity. Clearly, the generator Hy(y,z) := fi(y)|z|> satisfies
|H(y,2)| < |z|>. Hence, Hy(y,2) is of quadratic growth. It was shown in [6, 7] that the
QBSDE (&, f1(y)|2|?) has a solution without any integrability condition on the terminal value &.
Moreover, when & is square integrable then eq(&, f1(y)|z|?) has a unique solution in S? x M?2.

Indeed, for a given locally integrable function f, the transformation uy defined in (1.3) is
a one to one function from R onto R. Both u; and its inverse belong to the Sobolev space
W2,,.. Using It6-Krylov’s formula for BSDEs (see [6, 7]), it follows that eq(¢, fi(y)|z|?) has a
solution if and only if eq(uy, (£),0) has a solution. Since f is globally integrable, then uy, and
its inverse are uniformly Lipschitz. It follows that ug (£) is square integrable if and only if £ is
square integrable. Therefore, eq(¢, f1(y)|z|?) has a unique solution in 82 x M? whenever ¢ is
merely square integrable. This also shows that the convexity of the generator is not necessary

to the uniqueness.



Example 2.2. The functions

fa(y) :=¢" and f3(y) == Nyys0p + Lyy<ore? (2.1)

are not globally integrable on R. However, the same argument shows that eq(&, f;(y)|z|?) has a
solution without any integrability of &, for i € {2,3}. Note that fa is neither globally integrable
nor bounded.

2.2  Existence of BSDE(¢, f(y)|z|?) with f locally integrable

Let f : R — R be a locally integrable function. The goal of this part is to explain how some
eq(&, f(y)|z|?) has solutions without integrability of £ and others need the integrability of €.
Consider the QBSDE

T T
ﬁ:§+/‘ﬂn»@&w—/ ZdWs, 0<t<T. (2.2)
t t

The function u s defined by (1.3) belongs to the Sobolev space Wﬁl oe(R). Therefore, applying
Ito-Krylov’s formula to us (see [6, 7]), one can show that (Y, Z) is a solution to equation (2.2)
if and only if (Y, Z) := (up(Y),u}(Y)Z) is a solution to the BSDE

— T —
E—uﬂ@—/]&ﬂ%,ogtST (2.3)
t

According to Dudley’s representation theorem, eq(us(£),0) has a solution for any Fp-
measurable random variable us(§). No integrability is required to us(§). But, our problem
is to solve eq(&, f(y)|z|?). This is the subject of the following proposition.

Proposition 2.1. Let f be a locally integrable function and & a Fr-measurable random variable.
(i) Ifup(R) =R, then eq(&, f(y)|z|*) has a solution. No integrability is needed for &.
(i1) Let ur(R) # R. If f is positive, us(y) is then increasing and le us(y) = +00.
Yy—00

Assume that lim wug(y) = ¢ > —oo. Then, necessary us(§) := ug(§) — c is integrable. In this
y——00
case, eq(&, f(y)|2]?) has a solution given by Yy = a;l(E[af(g)/fs]). The case f negative goes

similarly.

Proof Assertion (i) is simple. We prove assertion (ii). The function @y(y) := uyr(y) — ¢
belongs to the Sobolev space Wﬁloc(R) and it is one to one from R into R,. Hence, [t6-
Krylov’s formula applied to %y shows that (Y, Z) is a solution to equation (2.2) if and only if
(Y, Z):= (ur(Y),u}(Y)Z) is a solution to the BSDE

T
ﬁ:uﬂg—/]me,ogtgr (2.4)
t

Since Y := u(Y) is positive, Therefore, eq(¢, f(y)|z|?) has a solution if and only if @z (¢) is

integrable. We then deduce that for any s <7, Y, = ﬂ;l(E[ﬂf(f)/]:s])

2.3 Uniqueness and comparison for eq(¢, f(y)|z|?) with f locally integrable

Proposition 2.2. Let f : R — R be locally integrable. Let uy be the function defined in
Lemma 5.1-1, v the function defined in Lemma 5.1-11 and w the fonction defined in Lemma



5.1-1I1. Assume that ug(§) is integrable. Then, the BSDE(E, f(y)|z|*) has a unique solution
(Y, Z) such that us(Y) belongs to class (D).
If moreover,

(i) v(Y) belongs to class (D), then EfOT |Zs|?ds < .

(i) w(Y') belongs to class (D), then Efo |f(Ys)|| Zs|?ds < oo.

Proof The BSDE(, f(y)|z|?) has a solution if and only if the BSDE (uf(€), 0) has a solution.
But eq(ur(§),0) has a solution by Dudley’s representation theorem. This gives the existence
of solutions. We prove the uniqueness. Let Y1 and Y2 be two solutions of eq(, f(y)|z|?) such
that us(Y!) and us(Y?) belong to class (D). Arguing as in the proof of Proposition 1.1, we
show that u (Y1) = us(Y?) which implies that Y = Y2 since uy is one to one. Arguing again
as in the proof of Proposition 1.1, we show that f(;f |ZL — Z2|?ds = 0 a.s, since 'y is strictly

positive.
We prove ( ). Let v be the map defined in Lemma 5.1-1I). For N > 0, let 7y := inf{t > 0:
|Y:| + fo [0 (Y5) 2| Zs|?ds > N} AT. Set sgn(z) = 1if # > 0 and sgn(z) = —1 if < 0. Since

the map = — v(\a:|) belongs to I/V12 1oc(R), then thanks to Ito-Krylov’s formula for BSDEs (see
[6, 7]), we have for any ¢ € [0,T],

(1%l = o)+ [ s (VDA ZE = o (VaDIZiE s

—/0 ™ san(Yo/ (Yal) Zod W,

Lemma 5.1-IT) allows us to deduce that for any N > 0,

;IE/O ™ 2,Pds < E[o([Yinry )] (2.5)
< supE[u(Y; )] (2:6)

where the supremum in the first right hand term, is taken over all stopping times 7 < T'.

Since the process [v(|Y:|)] belongs to class (D), the proof is completed by using Fatou’s
lemma.

We prove (7). Without loss, we assume that f is p051t1ve Let w be the map defined in
Lemma 5.1-IIT). For N > 0, let 7 := inf{t > 0 : |Y;| + fo |w' (Y3)|?| Zs|?ds > N} AT. Set
sgn(z) = 1if x > 0 and sgn(x) = —1 if x < 0. Since the map x w(|x|) belongs to I/V1 1oc(R),
then thanks to Ito-Krylov’s formula for BSDEs (see [6, 7]), we have for any t € [0,T7,

wll¥il) = i)+ [ s (VDAL = G (VDI ds

—/0 Y sen(Yo)w! (Ya) Zad W,

Assumption (A1) and Lemma 5.1-III) allow us to show that for any N > 0,

SB[ SOR)IZ s < Blu(Yinry ) 27)

where the supremum in the first right hand term, is taken over all stopping times 7 < T'.
Since w(Y") belongs to class (D), the proof is completed by sending N to oo and using Fatou’s
lemma. Proposition 2.2 is proved. [ |



Remark 2.1. (i) Propositions 2.1 and 2.2 give the existence of solution in C x L with and
without integrability of us(&). If one wants to get more integrability of the solutions, then it
is sufficient to impose more integrability on us(§). For instance, when & is bounded then the
solution (Y, Z) is such that'Y is bounded and (f(f ZsdWs)o<t<T s a BMO martingale.

(i4) Note that, in contrast to [6, 7], the integrability of us(§) is not equivalent to that of §.

Proposition 2.3. (Comparison) Let &, & be Fr—measurable. Let fi, fo be elements of
L} (R). Assume that uy, (yi1) and up,(yi2) are integrable. Let (Y71, Z/v), (Y2, Z12) be re-

loc

spectively the unique solution in class (D) of eq(&1, f1(y)|z]?) and eq(&2, f2(y)|2]?). Assume
that & < & a.s. and f1 < fo a.e. Then thl < Y;fQ for all t P-a.s.

Proof According to Proposition 2.2, the solutions Y/ and Y'/2 belong to class (D). Arguing as
in the proof of Proposition 2.2, one can show that the processes (fg u’f1 (stl)Zg1 dWS)ogth and
( fot u’fQ(YSf Q)ZJ 2 dVVS)0 <i<p are uniformly integrable martingales. Using the Burkhélder-Davis-
Gundy inequality and the fact that f; < f5, we show that the process ( fg u/f1 (stz)Zg2 dW5)0<t§T

is a uniformly integrable martingale. The rest of the proof can be performed as that of Propo-
sition 3.2. in [7]. m

3 BSDE((, H)

To deal with more general BSDEs, we need the domination argument which will be present in
the following subsection.

3.1 The domination argument

The domination argument implicitly appears in [6, 7] in a particular situation where the two
dominating solutions belong to S? x M2, the function f is globally integrable on R, the three
terminal values are square integrable, the two dominating coefficients Hy, Hy are of quadratic
growth in z and of linear growth in y. Here, this argument is presented in a general framework,
that is: the two dominating solutions lie in C x £2, the three involved terminal data &, & and
&9 are not necessary integrable, the two dominating coefficients Hy, Hy are merely measurable
and can have arbitrarily growth. Only H (t,y, z) should be continuous on (y, z) and of at most
quadratic growth in z.

Definition 3.1. (Domination conditions) We say that the data (§,H) satisfy a domination
condition if there exist two (F;) progressively measurable processes Hy and Ha, two (Fr) mea-
surable random variables &1 and & such that:

(D1) & <E<&
(D2)  eq(&1, Hy) and eq(&2, Hy) have two solutions (Y1, Z') and (Y2, Z?) such that:
(a) Y!'<Y?
(b) for every (t,w), y € [Y;'(w), Y2(w)] and z € RY,
(1) Hi(t,y,z) < H(ty,z) < Ha(t,y,2)
(i6) [H(t,w,y,2)| < m(w) + Cr(w)|z[?
where C' and 7 are JFi-adapted processes such that C' is continuous and n satisfies for each w,
fOT Ins(w)|ds < oo.
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Lemma 3.1. (Ezistence by domination) Let H be continuous in (y, z) for a.e. (t,w). Assume
moreover that (£, H) satisfy the domination conditions (D1)-(D2). Then,

(i) The BSDE (&, H) has at least one solution (Y, Z) such that Y <Y < Y2,

(ii) Among all solutions which lie between Y and Y2, there exist a mazimal and a minimal
solution.

This lemma directly gives the existence of solutions. We do not need any a priori estimates
nor approximation. The idea of the proof consists in deriving the existence of solutions for
the BSDE without reflection from solutions of a suitable QBSDE with two reflecting barriers.
To this end, we use the remarkable result of Essaky & Hassani (|20], Theorem 3.2) which
establishes the existence of solutions for reflected QBSDEs without assuming any integrability
condition on the terminal value. For the self-contained, this result is stated in Theorem 5.1 in
Appendix.

Proof of Lemma 3.1 Using Theorem 3.2 in [20] (see Theorem 5.1 in Apendix) with L = Y1
and U = Y2 there exists a process (Y, Z, K+, K~) such that (Y, Z) belongs to C x £? and
(Y, Z, KT, K™) satisfies the following reflected BSDE, for t € [0, T7,

T T
(i) Yt:§+/ H(s,YS,ZS)ds/ ZdB,

tT T t

+/ dKj—/ dK;

t t
(#) Vi<T, v/ <y < YtTHz, (3.1)
it [ i=vimant = [ = vpdR; =0, as.
(

iv) Ki =K; =0, KT,K~ are continuous nondecreasing,
(v) dKt1ldK~.

Moreover, equation (3.1) has a minimal solution and a maximal solution.
It remains to show that dK+ = dK~ = 0. Since Y;"”2 is a solution to the BSDE eq(&, Hy),
then Tanaka’s formula applied to (¥;#2 — ¥;)T shows that

t
Wi Yt = (ViR vyt 4 / H(s,Ys. Z2) — Ha(s, Y2, Z82)]ds
0

n{YSH2>YS}
t

t
+ - H.
+ /0 1 {YSH2>YS}(sz —dK]) + /0 1 {YSH2>YS}(ZS 2 — Z)dW,
+ L0y _y)

where LY(YH2 —Y) is the local time at time ¢ and level 0 of the semimartingale (Y72 —Y).

Since (YV;2 — v;)* = (Y, —Y}), then by identifying the terms of (Y, — ¥;)* with those of
(Y2 — ;) one can show that:

(Zs — ZH2

s )]l{YHQZY} =0 fora.e. (s,w)

and

t t
ey BT =) = B )+ [ (s I 200~ (s, Y, Z)lds

11



t
Since /0 ]1{YSHQ:YS}alK;r = 0, it holds that

t t
0 <LY(vHz _y) +/0 Il{YSgQZYS}[Hz(s,YSH% ZH2) — H(s,Ys, Zs)|ds = —/0 Wiy dKS <0

Hence, fg 1 v :Ys}sz_ = 0, which implies that dK~ = 0. Similar arguments allow to show

that dK™ = 0. Therefore (Y, Z) is a solution to the (non reflected) BSDE eq(&, H). |

As byproducts of the domination lemma, we establish in this section the existence of so-
lutions to eq(&, H) first when (A1)-(A2) are satisfied and next when (A3)-(A4) hold. Some
integrability properties of the solutions are also established under additional assumptions which
will be specified below.

3.2 BSDE(( H) with [H(t,y, 2)| < a; + Byl + f(Jy])|=|?

The goal is to solve eq(&, H). If one try to follow the proofs given in [10, 12|, we should establish
some a priori estimates of solutions then use a suitable approximation. This way is not efficient
in our situation and in particular the exponential transformation can not be applied because f
is not constant. Furthermore, in contrast to the domination argument, the method of [10, 12]
can not be applied when the integrability of the terminal value is not a priori fixed. For the
same reason, the argument developed in |21, 13, 28] are also not effective in our situation. Note
moreover that the methods used in {10, 12, 21, 13, 28] can not allow to prove the existence of a
maximal and a minimal solution. The method used in [6, 7] does not work in our situation since
f is not globally integrable. The questions which then arise are : what condition we should
impose to the terminal value £ in order to get the existence of solution when f is not globally
integrable? How do we proceed in this case 7 This is the subject of the next subsection. To
prove the existence of solutions to eq(§, H), our strategy consists in using Lemma 3.1 which
allows to work without any a priori integrability condition on the terminal value £. Therefore,
we start by assuming that only (A1) is satisfied. Let

9(t,y,2) = + Bulyl + f(lyDl=l (3:2)

According to Lemma 3.1, to establish the existence of solutions to eq(&, H), it is enough to
show that eq(£1, g) has a solution (Y9, Z9) and eq(—£~,—g) has a solution (Y9, Z79) such
that

Y9 <y (3.3)

In [6, 7], the fact that £ is assumed square integrable and f is globally integrable make simple
the solvability of eq(¢7, g) and eq(—¢~, —g) in 8% x M? from which we easly deduce inequality
(3.3). Question:

how to prove inequality (3.3) when we do not have any information on the integrability of &
nor on the integrability of the solutions?

We emphasize that the comparison theorem does not work in this situation. But we need to
prove inequality (3.3) in order to establish the existence of solutions to eq(§, H). We proceed as
follows : we assume that (A1) holds, we force Y9 to be negative and Y9 to be positive then we
deduce the integrability condition [namely (A2)] which we should impose to the terminal value
€ in order to get the existence of solution. Hence, assumption (A2) is generated by solving an
inverse problem. Lemma 3.1 plays a key role in our proof. In particular, it allows us to reduce
the solvability of eq(£1,g) to that of eq(fotﬁ, 0) from which we derive assumption (A2).

12



3.2.1  The BSDE (¢ a: + Belyl + f(lyl)]21%)

The goal of this subsection is to show that the BSDE (£1,¢g) has a positive solution and
the BSDE ({7, —g¢) has a negative solution. The method used in [6, 7] to show this consists in
reducing the solvability of these two BSDEs to the solvability of two BSDEs with linear growth.
These computations do not work in our situation, since f is not globally integrable. The proof
of following proposition shows how to get the existence of a positive to eq(éT, g) by using the
domination argument when we do not have information on the integrability terminal value &.
It also allows the determine the integrability of we should impose to £ by solving an inverse
problem.

Proposition 3.1. Let £ be an Fr—measurable random variable. Let f be as in assumption
(A1) and g be the function defined by (3.2).
(i) The BSDE (¢1,g) has a positive solution if the BSDE (“f(gotﬂ)? 0) has a positive

solution (Y, Z) such that 'Y > ug [efoT Bsds (foT asds):|.
(1i) The BSDE (—£~,—g) has a negative solution if the BSDE
(Uf(f;ﬁ), 0) has a positive solution (Y,Z) such that Y > uy [efOT Bsds (fOT asds)}.

(i73) If moreover assumption (A2) is satisfied, then eq((T,g) has a positive solution and
eq(§~,—g) has a negative solution.

Proof (i) For the simplicity of notations, we assume that o and § are constant. Note that
(Y, Z) is a positive solution to eq(¢1, g) if and only if (Y, Z) is a positive solution to the BSDE

T T
Yt:§++/ a+BYs+f(YS)]ZS]2ds—/ ZsdWs. (3.4)
t t

Therefore, it is enough to prove that: if eq(uf[e®T(¢* + aT)], 0) has a solution (Y, Z°) such
that Y0 > us(aTe’T) then equation (3.4) has a positive solution.

Return back to BSDE (3.4). By putting (V;!, Z}) := (Vi + at, Z;), we see that equation
(3.4) has a positive solution if and only if the BSDE

T T
v=¢t+ aT+/ B, —as) + f (Y —as)) |Z)?ds / Zlaw, (3.5)
t t

has a solution (Y, Z!) such that for each t, Y;! > at.
Consider now the BSDE

Y, = T /t " zaw, (3.6)
Clearly
o (Y,Z) = (aT,0) is a solution to the BSDE (3.6),
e 0< T +aT <EF + T,
e for any y > oT, 0< B(y—as) + f(y —as) |z|? < By + f (y) |2|? since f is increasing.
Therefore, using Lemma 3.1 [with & =0, £ =&Y +aT = &, Hy = 0 and Hy = By + f(y)|2]?],
we show that equation (3.5) has a solution (Y1, Z!) satisfying Y! > oT if the BSDE

T T
Y2 — ¢t ol + / BY2) + £ (V2)|22ds — / 224w, (3.7)
t t
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has a solution (Y2, Z?) satisfying Y2 > oT.
But, It6’s formula shows that (Y2, Z2) is a solution to equation (3.7) satisfying Y2 > oT if
and only if the process (Y3, Z3) := (Y,2ePt, Z2ePt) is a solution to the BSDE

T T
Y3 = (67 + aT)eT + / 7 (¥3e ) 1Z3Peds - / Z3aw, (3.8)
t t

satisfying Y3 > aTefT.

Since f is increasing and continuous then, as previously, we use again Lemma 3.1 [with & =
0,& = (6T +aT)ePT =&, Hy = 0 and Hy = f(y)|2|%], to show that equation (3.8) has a solution
(Y3, Z3) such that Y3 > aTe’T if eq([¢F +aT]ePT, f (y) |2|%) has a solution (Y, Z4) satisfying
Y4 > aTePT. Applying Ito’s formula to uf(Y;*), we show that eq([éT + aT1e’T, f (y) |2|?) has
a solution (Y4, Z%) such that Y* > aTePT if and only if eq(us[¢T + aT]ePT), 0) has a solution
(Y3, Z%) satisfying Y5 > Uf(aTeﬁT). According to Proposition 1.1, the latter is equivalent to
the fact that uy[e®T(¢+ + oT)] is integrable. Assertion (i) is proved.

Assertion (ii) can be proved similarly, since (Y, Z) is a negative solution to eq(—¢~, —g) if
and only if (Y, Z') := (=Y, —Z) is a positive solution to the BSDE

T T
V=€ [ avayies(v) Ziis— [ ziaw. (3.9)
t t

Proposition 3.1 is proved. [ |

3.2.2 The BSDE (¢, H) with |H(t,y,2)| < a+ Bly| + f(ly])|z|?

The following theorem is deduced from Proposition 3.1 and Lemma 3.1. It covers the previous
results established in [10, 12, 13, 21, 23| and many others situations which are not covered
by the previous works on QBSDE. For instance, we cover the cases: H(y,z) = y|z| and also
H(y,z) = o+ Belyl + h(|ly)|zIP + f(Jy])|z|? with 0 < p < 2 and f, h continuous, increasing and
positive on Ry.

Theorem 3.1. (i) Assume that H and § satisfy (A1)-(A2). Then, eq(§, H) has at least one
solution (Y, Z) which satisfies for any t,

—uit (B ug(60) /7)) < Vo< upt (B |ug(€l,)/ 7)) (3.10)
In particular, we have
_E [uf(g;ﬁ)} < Elus(¥y)] < E[uf(g;ﬁ)]. (3.11)

(ii) Among all solutions satisfying (3.10), there are a maximal and a minimal solution. Note
also that, among all solutions satisfying Y9 <Y < Y9, there also exists a mazximal and a
minimal solution.

The following remark will be used later. It can be proved as Theorem 3.1.

Remark 3.1. Under the assumptions of Theorem 3.1, it also holds that

—ust (B [ug(6) /7)) < <Yt+ /0 tozsds) el < it (Elup(ely)/R]). (312)

And in particular
t t
—E [us(&55)] < E(uf KYH/ asds) efoﬁsd8]> < E|us(€l,)]- (3.13)
0
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Corollary 3.1. Theorem 3.1 remains valid when the function f is continuous but not necessary
increasing. In this case, assumption (A2) should be slightly modified as follows:

(A2bis) E [ug(éa,8)] <oo  where ¢(y) := sup f(x).
0<z<
Proof Since the function ¢ is increasing and continuous, the result follows. [ |

Remark 3.2. Note that when f is merely locally bounded but not necessary continuous, then
Theorem 3.1 remains valid with the following condition in place of assumption (A2).

(A2ter) E [uw (faﬁ)] < 00, where ¢ is the smallest continuous, increasing function such that
¢=>f.

Proposition 3.2. (Integrability property of solutions) (i) Let the assumptions of Theorem 3.1
be satisfied. Assume moreover that there exists p > 1 such that

E[(ufl€as])"] < oo (3.14)

then the BSDE(E, H) has a solution (Y, Z) which satisfies

E(é&% g (11 + [ as)el ﬁd)}) < 5(luen?).  G19

(4i) If moreover, v(|Y']) belongs to class (D) and supy<s<r E[|Ys]v'(|Ys])] < oo then, the
BSDE(&, H) has a solution (Y, Z) which satisfies

T
IE/ | Z,|ds < oo, (3.16)
0

here v is the function defined in Lemma 5.1-11).

Remark 3.3. (i) Let v be the function defined in Lemma 5.1-11). Since for y large enough,
O (lyl) < [ (yD]P, v () < [@/(ly])]” and we know by Theorem 3.1 that

Vel < uft (E [ug (§ap) /Fe]) -

then the conditions v(|Y'|) belongs to class (D) and supg<s<p E[|Ys[v'(|Ys])] < oo are satisfied
when

sup E {(at + Br) (u/f {u;l (IE [Uf(faﬁ)/.?t})})p} < 00, (3.17)

0<t<T

and
= Loup (0517 (2 o) D) < 319

(13) Conditions (3.17) and (3.18), which seem be complicated, cover those used in previous
works. For instance, when oy, f; and f are constant with f(y) = 3 (see [12]), one can take
us(y) = exp(yy). And in this case, conditions (3.17) and (3.18) become E[e?€s)] < oo for
some p > 1, which is the condition imposed in [12].

Proof of Theorem 3.1. The existence of (a maximal and a minimal) solutions follows from
Proposition 3.1 and Lemma 3.1. Indeed, the two solutions we constructed in Proposition 3.1
satisfy Y79 <Y9. We then use Lemma 3.1 with &, = —§7, & = ¢, H = —g and Hy = g to
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get the existence of solutions. We shall prove estimate (3.10). For simplicity, we assume that
« and S are constant. Since u f[efBT(fJr + aT')] is integrable, then the solution we constructed
in the proof of assertion (i) of Proposition 3.1 satisfies for any t,

us([Y9 + atle®) < E(ugle™ (€% +aT))/F).

This shows the first inequality of (3.10). A similar argument allows us to prove the second
inequality. Theorem 3.1 is proved. [ |

Proof of Proposition 3.2. Assertion (i). Note that the solution (Y, Z%) we constructed in
the proof of Proposition 3.1 satisfies the BSDE

T
VP = up[ePT(¢F + aT)] - / Z3dW, (3.19)

t

Since there exists p > 1 such that inequality (3.14) holds, then equation (3.19) has a unique
solution (Y, Z®) such that (details can be found in [3, 4]):

B sup (V7)) <E ( [us(e#T(l¢] +a1))]") (3.20)
0<t<T

But, since uf[e? (Y, + ay)] < Y®, we then have, E(supg<icr [ur([Y + fg avsds] elo ﬁsds)]P) <
E ([ug ("7 [l&] + oT7)]").
Similarly, we get E(supoc;<p [ur([(=Y7) + fg ads) elo Bads) 1) < E ([uy(ePT[1€] + aT])]").
Assertion (i) is proved.

We shall prove assertion (ii). Let v be the function defined in Lemma 5.1-II). For N > 0, let
TN = 1inf{t > 0: |V;| + fg |v'(Ys)|?| Zs|?ds > N} AT. Set sgn(z) = 1if x > 0 and sgn(z) = —1
if x < 0. Since the map = + v(|z|) belongs to C?(R), then thanks to It6’s formula, we have for
any t € [0,T]

tATN 1
1%l = oo+ [ s (VD s, ¥er22) = o (VaDIZ s
0
tIATN
—/ san (Vo) (|Ys]) Zod W, .
0

Assumption (A1) and Lemma 5.1-II) allow us to show that for any N > 0,

1 tATN T
2E [ 12.Lds SE[(Yinn D] + B [ o (¥a) + BIVU(YDIs (321
0 0

Since the processes v(]Y|) and |Y|[v/(]Y|) belong to class (D), the proof is completed by using
Fatou’s lemma. Proposition 3.2 is proved. [ |

Corollary 3.2. (BMO property) (i) Let (A1) be satisfied. Assume moreover that &, fOT asds
and fOT Bsds are bounded. Then, every solution (Y, Z) satisfying inequalities (3.10) is such that
Y is bounded and the process (f(;e ZsdWs)o<i<T s a BMO martingale.

Proof (i) Let (Y,Z) be a solution to eq(§, H) such that Y satisfies inequalities (3.10). Since
£, fOT ads and fOT Bsds are bounded, then clearly Y is bounded. Arguing as in the proof of
Proposition 3.2 (ii), one can show that Z belongs to M?2. We shall prove that the process
(fot ZsdWs)o<i<T is @ BMO martingale. Let v be the function defined in Lemma 5.1-II). Since
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the map = — v(|z|) belongs to C3(R), then Itd’s formula shows that for any F;—stopping time
T<T,

T
v(Yr]) = v(|Y7]) +/ [2v”(|§g|)12512 —sgn(Yo)v'([Ys]) H (s, Ys, Zs) |ds
- T
—I—/ sgn(Yo)v'(|Ys]) ZsdWs .

Since Y is bounded and Z belongs to M2, it follows that the stochastic integral in the right hand
side term of the previous equality is a square integrable F;—martingale. Passing to conditional
expectation, one can show that there exist positive constants K1 and K such that

B (| ' ziasy ) <x s (ot BV (V. Jds/ 7,

T

We complete the proof by noticing that the processes Y, fOT asds and fOT Bsds are bounded.
Assertions (ii) and (iii) can be proved similarly. |

Remark 3.4. Let |H(t,y,2)| < ag+Bily|+ f(y)|z]?, with f continuous, positive and increasing
but not globally integrable. Then, the condition which ensures the existence of solution is:

Blus(efo) <oo and B( exp (el #250)| ) <o (3.22)

Proof We assume that a and 8 are constants for simplicity. As previously, thanks to Lemma
3.1, eq(&, H) has a solution if eq(¢1, a+B|y|+ f(y)|z|?) has a positive solution and eq(—¢~, —[a+
Blyl + f(y)|z|*]) has a negative solution. The first inequality in (3.22) can be proved as in
Proposition 3.1. To prove the second inequality of (3.22), we see that (Y, Z) is a negative
solution to eq(—¢~, —[a + Bly| + f(y)|2|?]) if (Y, Z") := (=Y, —Z) is a positive solution to the
BSDE

T T
V=6 + / o+ BY + F(=Y)|Z(|*]ds — / ZydWs.
t t
Since f is increasing, we use Lemma 3.1 to show that the previous BSDE has a positive solution

if the BSDE Y,! = ¢~ + ftT [+ BYL +2£(0)| 2L} ds — ftT ZdW, has a positive solution. The
sequel of the proof goes as in Theorem 3.1. [ |

The following corollary extends the result of |6, 7] to the case where &, g is only integrable
and the coefficients «a, 3, v are positive processes.

Corollary 3.3. Let (A1) be satisfied with f globally integrable and locally bounded. Assume
that &, p is integrable. Then, eq(§, H) has a solution such that for every t

E(&,/F) < Y <E(¢,/R). (3.23)

(ii) Among all solutions satisfying (3.10), there are a maximal and a minimal solution. Note
also that, among all solutions satisfying Y9 <Y < Y9, there also exists a mazximal and a
minimal solution where the function g is defined by (3.2).

Proof Let g be the function defined by (3.2).
Since f is globally integrable u; and its inverse are uniformly Lipschitz. Hence, arguing
as in the proof of Proposition 3.1 one show that eq(¢1,g) has a positive solution Y9 such
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that: 0 <Y’ <E (5;5/]-}). Symmetrically, we show that eq(—&~,—g) has a negative

solution Y79 which satisfied : —E (5;/8/]-}) < Y,? < 0. Since f is locally bounded,
then according to the proof of Theorem 4.1 of [7], there exists a continuous function f such
that f < f. Therefore, we can apply Lemma 3.1 with n = ay + Be(1Y; 7] + |Yf]) and
Cr = supy<; Supgepo 1) 1 f(aYs 7 + (1 —a)Y{)]. Corollary 3.3 is proved. |

3.2.3  BSDE(¢, H) with [H(t,y,2)| < o + Belyl + 02| + f(Jy])] 2]

As in the previous subsection, we use Lemma 3.1 to reduce the solvability of eq(&, H) to the
positive solvability (Y > 0) of the simple BSDEs (Uf(gzﬁ),9t|z|) and (us(&, 5),0¢z[) then
apply Proposition 1.2 to conlude. We put

h(t,y, z) = aq + Bely| + Oelz| + F(|y])]= [ (3.24)

Proposition 3.3. Assume that (A3), (A4) are satisfied. Then,
(1) eq(&, H) has at least one solution such that

_ufl (ess SupE (F?,Tuf(go_t,ﬁ)/]:t)> S th S u;l (688 supE (F?,Tuf({otﬁ)/ft>) (3.25)
TEY e

(ii) Among all solutions satisfying inequalities (3.25) there are a maximal and a minimal
solution.

(ii1) Assume moreover that exp(fOT 02ds) is integrable, and &4 5 is bounded. Then all
solutions satisfying inequalities (3.25) are bounded.

Remark 3.5. One may wonder what is the usefulness of assumption (AS3) since it can be
reduced to assumption (A1) by the operation g + Bely| + 0¢|z| + f(Jy])|2?) < cu + 367 + Be|y| +
[2 4+ F(lyD|z[?). It should be noted that in this case the integrability requested to the terminal
value will be higher.

Proof of Proposition 3.3. Since H satisfies (A3), then according to Lemma 3.1, it is enough
to show that eq(¢T, ap + Bily| + 0:|z| + f(|y])|2|?) has a positive solution. Arguing as in the
proof of Theorem 3.1, one can show that eq(¢T, ay + Bely| + 0:]z| + f(|y|)|2]?) has a positive
solution if eq(u]c(ﬁi 5): 6¢]z]) has a solution which is greater than u r(aTefT). This implies,
thanks to Proposition 1.2, that assumption (A4) is satisfied. Proposition 3.3 is proved. [

Remark 3.6. (i) Taking f = 0 in Proposition 3.25, we get the existence of one dimensional
BSDEs with a stochastic linear growth. This covers the results of [24] and [22].

(ii) We emphasize that Proposition 1.5 combined with Lemma 3.1 allows to directly prove
the existence of solutions to BSDFEs whose generators satisfy

|H(t,y,2)| < o+ Bely| + Olz] (3.26)
and & satisfies assumption (A3) with f = 0.

This constitute a new result on the existence of solutions to BSDFEs with at most linear
growth which for instance covers the recent result [22], with a simpler proof.

18



Remark 3.7. Since the transformation uy does not impact Z, we then have

IF |H(t,y. 2)| < ai+ Byl +0iz| + F(1y))|=I2 with , 3, f satisfy (A3) and E [ emds < o0
for some q > 0, then arguing as in Proposition 3.3 and using [3, 4], one can show that eq(&, H)
has a solution (Y,Z) in SP x MP provided that exp(% fOT vsePsds)uy (€q.5) is p—integrable for
some p > 1.

Corollary 3.4. (BMO property) (i) Let (A3) be satisfied. Assume moreover that &, fOT asds,
f(;f Bsds and fOT v2ds are bounded. Then, every solution (Y, Z) satisfying inequalities (3.25) is
such that'Y is bounded and the process (f(;5 ZsdWy)o<i<T is a BMO martingale.

(ii) When H is dominated by ay + 04|z + f(|y|)|z|? with &, fOT asds and fOT y2ds bounded,

then we have the same conclusion as (i) with f locally integrable and increasing but not contin-
Uous.

(iii) When H is dominated by 0;|z| + f(|y|)|z|* with &, fOT asds and fOT y2ds bounded, then
we have the same conclusion as (i) with f merely locally integrable but neither increasing nor
continuous.

The following Corollary can be proved by combining the proof of Corollary 3.3 with that
of Proposition 3.3.

Corollary 3.5. Let (A3) be satisfied with f globally integrable and locally bounded. Assume
that £, satisfies

sup E (FgT(é-a’B)) . Sllp E (efgguﬂudwu*% (;Teﬁlﬂ'updu(ga’ﬁ)) < +OO
TEY ’ TEY,
Then, eq(&, H) has a solution such that for every t

—ess supE (FET(§;75)/.E> <Y; <esssupE (FZT(gotg)/}—t) (3.27)
TEY ey

(13) Among all solutions satisfying inequalities (3.27) there are a maximal and a minimal
solution.

Note also that, among all solutions satisfying Y " <Y < Y™, there also exists a mazimal
and a minimal solution where the function g is defined by (3.24).

4 Quadratic BSDEs and BSDEs with logarithmic nonlinearity

The aim of this subsection is to study the BSDE (¢, H) with H continuous and with [Logl-
growth. That is : there exist positive constants a, b and ¢ such that for every t,y, z

[H(t,y,2) < a+bly[ + cly||Iny]] (4.1)

Using Lemma 3.1, we show that that of eq(&, H) is equivalent to the solvability of eq(&, o +
Bly|+ %|z[?), for suitable a, 8 and . According to Theorem 3.1, the BSDE (£, a4 B|y|+ 2 |2|?)
has a solution when exp(ve®T |€]) is integrable, and we have the following propositions.

Proposition 4.1. The BSDE (&, a + Bly| + 3|2|?) has a solution if and only if the BSDE
(€€, yay + vBy|Iny|) has a solution.
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Proof Let 5
9(t,y,2) = o+ Bly| + |2, (4.2)

Applying It6’s formula to u(y) := €7, we show that (Y3, Z;) is a solution to eq(¢, g) if and only
if (Yy, Zy) = (7, 7e7Y1Z;) is a solution to eq(e’s, yay + vBy|Iny|). Indeed: Let (Y, Z) be a
solution of eq(&, g). By It6’s formula we have,

2

T T T
PR - G’YYT—F/ ’ye’YYSg(S,YS,ZS)dS—/ ,ye’YYSZSdWS_fYZ/ e’yYs‘ZSPdS
t t t
2

T 7 T N2 T
= 7% +/ e Y (o + B Y5 + §|ZS|2)ds — / ve?Vs Z,dWy — 2/ VY| Z,|%ds
t ¢ t

T T
_ ety / eV (o + B[V ])ds — / 7 Z,dW,
t t

It is clear that Y > 0 and (Y, Z) satisfies the BSDE

Y, =e + /tTv (aYS +5Ys|1n}78|) ds — /tTstWs.
Proposition 4.1 is proved. u
Proposition 4.2. Let & be an Fr—measurable random variable. Let G be defined by
G(y) == a+blyl + cly|/Iny]| (4.3)

(i) If eq(elatoT29e° (¢t 4 1)°"  0) has a positive solution, then eq(éT,G) has a positive
solution.

(i) (Y,Z) is a negative solution of eq(—§~,—G) if and only if (=Y, —Z) is a positive
solution to eq(§~, G). Therefore, if eq(e(“+b+20)eCT(§_ + 1)66T, 0) has a positive solution, then
eq(—&~,—Q) has a negative solution.

(7i7) If |£|ECT is integrable, then eq(£T,G) has a positive solution and eq(—&¢~,—G) has
a negative solution, and therefore eq(&, H) has at least one solution (Y, Z) which belongs to
ST x M2, Moreover, according to see [?], the uniqueness holds in ST M2 provided that

*T+1 s integrable.
g

Proof Let G(y) := a + bly| + c|y||In|y||. Let Y& be a positive solution to eq(¢T, G). This is
equivalent to say that Y is a positive solution to the BSDE (a + by + cy|Iny|). Applying Ito’s
formula to the function u(Y;%) := In(Y,¥ + 1), we obtain

U(YG)ZIH(§++1)+/T A+ bYC 4 YO m(yO)—L 41 257N 4,
t ] s s s 1+Y'SG 2(1+Y*5G)2

T 1 o
— | —— ZC%aw,. 4.4

The process (Y, Z) := (In(1 + Y) satisfies the BSDE

ZG
7@)

T T
Y, =In(¢t +1) +/ H(S,K,Zs)ds—/ ZsdWs, (4.5)
t t
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where

1

A(t,y,2) = [a+b(e = 1) + (e = 1) [ In(e? = D[] - + %|z|2. (4.6)

Since the function z|In(x)| < 1 for each x in [0, 1] and strictly increasing in [1, +00), we then

have (z| ln(x)|)1+% <1+ |ln(x+ 1)|. Hence

1
(a+bx+cx|ln(aj)\)m§a+b+c+c|ln(:€—l—l)| (4.7)
It follows that
_ 1
OSH(t,y,z)§a+b+c+cy+§|z|2 (4.8)

According to Lemma 3.1, it is enough to show that eq(In(éT +1),a+b+c+cy+ %\z|2) has a
positive solution. But from Proposition 3.1, eq(In(¢* +1),a+b+c+cy+ 5|2|?) has a positive
solution when eq(e(“+b+20)eﬂeeﬂln(§++1), 0) has a positive solution, which is equivalent to
say that eq(e(@0+29e° (¢+ 1 1)¢°" 0) has a positive solution. This implies that (£T 4 1)¢"
is integrable. Assertions (ii) can be proved as assertion (7). Lemma 3.1 allows to establish
existence of solutions of assertion (ii7). |

Remark 4.1. (Uniqueness). According to assertion (iii) of Proposition 4.2, eq(&,a + bly| +

clyl|Inly||) has a unique solution (Y, Z) which belongs to S M2 provided that |£\€2CT+1 is

integrable. Therefore, eq(&, a+B|y|+%|2|?) has a unique solution provided that exp ( v£(e?°T + 1))

is integrable. We moreover have, sup exp <7|YS|(6265 + 1)) is integrable. This gives a sim-
0<s<T

ple proof to the uniqueness of eq(&, a + Bly| + %|z|?) without using the convezity (in z) of the

generator.

Remark 4.2. The uniqueness of solutions under assumptions (A1)-(A2) as well as under
assumptions (A3)-(A4), and the existence of viscosity solutions to the related partial differential
equation are in progress.

5 Appendix.

We recall the result of Essaky & Hassani (|20]) on the two barriers reflecting QBSDEs. It
establishes the existence of solutions for reflected QBSDEs without assuming any integrability
condition on the terminal datum. This result is used in the proof of Lemma 3.1.

Theorem 5.1. ([20], Theorem 3.2) Let L and U be continuous processes and & be a Fr—
measurable random variable. Assume that

1) for everyt e [0, T], L <U

2) Ly <&<Ur.

3) there exists a continuous semimartingale which passes between the barriers L and U.

4) The generator h is continuous in (y, z) and satisfies for every (s,w), everyy € [Ls(w), Us(w)]
and every z € R%.

(s, w,y, 2)| < ns(w) + Cs(w)]2]?

where n and C are two Fi—adapted processes such that IEfOT nsds < oo and C' is continuous.
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Then, the following RBSDE has a mazimal and a minimal solution.

,

T T
() Yi=¢+ [ ns¥oZ)ds— [ Zaw,
A T !
+/ dK;'—/ dK_ forall t<T
¢ ¢
T T
(ii7) / (Vs — Lg)dK} = / (Us — Y5)dK; =0, a.s.,
0 0
(iv) Ki =K; =0, Kt K~ are continuous nondecreasing.
(v) dKT1ldK~

The following lemma allows to remove the quadratic term from eq(&, oy + Bely| + 0¢]z] +
F(yDl=?

Lemma 5.1. I) Let f € L} _(R) but not necessarily continuous. Then the function

uf(z) = /Ox exp <2 /OZ f(r)dr) dz (5.2)

satisfies the differential equation uf( z) — f(z)uf(z) = 0 a.e on R, and has the following
properties:
(j) wys is a one to one function. Both u and its inverse w7t are locally Lipschitz, that is for
every R > 0 there exist two positive constants mg and Mg such that, for any |z|,|y] < R,
il — g1 < uy () — usw)] < Male — |
(1) Both uy and its inverse function u} L belong to T/V1 1oc(R). If moreover f is continuous,
then both uy and uf belong to C%(R).

D) Set
K(y) = /exp< /f dr>dz
/ K(y exp( / fr dr) dy (5.3)

satisfies the differential equation sv"(x) — f(x) % a.e. on R and has the following
properties:

Then, the function

(jjj) v and v’ are positive on Ry and v belongs to W2, (R).

(jv) The map x — v(|x|) belongs to W12 1oc(R), and belongs to C*(R) if f is continuous.

III) Set G(z f f(z e~ 2Jo F()dr gy The function
y .
)= / G(z)e2Jo 1 g, (5.4)
0

has the following properties :
(vj) the map x — w(|z|) belongs to W12,loc
(vjj) w satisfies the following differential equation

§w”(x) — f(x)w' () = = f(x) ae. onR. (5.5)



Proof 1) Clearly, us and its inverse u;l are continuous, one to one, strictly increasing
it}llnctions and we have %u’}(m) — f(z)u(z) =0 a.e. on R. Since u)(x) := exp(2 Jo f(t)dt),
en,

for every |2| < R, exp (=2[|fllLi-r, ry) < (@) < exp 2l fllLi-r, rp)-  (5:6)

This shows that u; and u}l are locally Lipschitz.

We prove (jj). Using inequality (5.6), one can show that both uy and u;l belong to C!.
Since the second generalized derivative uf satisfies u'(z) = 2f(z)u(z) for a.e. z, we get that

uf belongs to L},.(R). Therefore uy belongs to W12

loc
that u;l belongs to W12 1oc(R).
IT) Obviously v and v are positive on Ry and v satisfies the differential equation %v”(az) —
fx)(z) = % a.e. on R. Since f is locally integrable on R, one can easily check that v belongs
to VVl2 1oc(R). This proves assertions (jjj), from which we deduce assertion (jv). The proof of
IIT) is similar. |

1oc(R). Using again assertion (j), we prove
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