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Abstract

This paper details the implementation of an asynchronous high-gain Kalman filter on a mobile
robot test platform on a path reconstruction problem. The observer algorithm, which was theoret-
ically studied in a previous paper, is tailored to fit the problem at hand. Two path reconstruction
experiments are carried out, using respectively a predefined trajectory and a joystick controlled tra-
jectory. The estimation results are presented after offline processing. They show that our algorithm
can be applied with success in the field of mobile robot navigation in the presence of asynchronous
measurements.

1 INTRODUCTION
The last few years have seen a growing interest in observers for systems with asynchronous measurements.
That is to say observers for systems having output variables not always available at the same time
instants. To cite a few, articles [1, 2, 3, 4] propose such designs together with theoretical convergence
analyses and illustrative examples, while case studies can be found in e.g. [5, 6, 7, 8, 9].

The present paper builds on [10] and [11] where the Kalman filter algorithm has been considered for
continuous-discrete systems with asynchronous measurements. In particular, we proposed a definition
of asynchronous systems that doesn’t require any specific structure or regularity for the measurement
procedure. On this basis, the global convergence of the observer has been demonstrated, in [10] for linear,
observable, time-varying asynchronous systems, and in [11] for nonlinear systems, under appropriate
observability assumptions, in the framework of high-gain observers.

In the following, we present an application of the latter observer to a path reconstruction prob-
lem for a nonholonomic mobile robot, the Turtlebot3 Waffle [12]. Indeed, in the experimental setting,
measurements may not be reliable, due to either defective or low-quality sensors, undesirable obstacles
or modelling errors. Therefore, the implementation of the observer is more challenging than in the
simulation setting.

The rest of the article is organized as follows. First, the mathematical framework and problem under
consideration are presented in Section 2. Then, the asynchronous setting and the observer are detailed
in Section 3. Finally, experimental results are exposed in Section 4.

Notations

• w.r.t. stands for with respect to, and s.p.d. stands for symmetric positive definite. Oftentimes, time
dependencies are omitted when there is no ambiguity.

• O(n×m) denotes the (n×m) empty matrix.



• Idn denotes the n-dimensional identity matrix.

• A subdivision of time is a strictly increasing sequence of real numbers {τk}k∈N with τ0 = 0. A
time-dependent quantity x(t) evaluated at time τk is denoted xk = x(τk).

• For an application b(x, u), Dxb(x, y) is the Jacobian matrix computed w.r.t. to variable x.

• A′ denotes the transpose of the matrix A.

2 Modelling
The Turtlebot3 Waffle mobile robot is controlled by means of two quantities: the linear and the angular
velocities. In the following they are denoted by v(τ) and u(τ), respectively, and have to be understood
as the control variables of the Reeds-Shepp car model:





ẋ1(τ) = v(τ) cos(γ(τ))

ẋ2(τ) = v(τ) sin(γ(τ))

γ̇(τ) = u(τ)

(ΣR)

As it is schematised in Fig. 1a, let us consider an area delimited by two reflective beacons (denoted by A
and B) together with a reference frame attached to the center of beacon A. The x-axis of the reference
frame is the straight line passing through the center of beacon B. The state of the mobile robot is
x = (x1, x2, γ)

′ ∈ R2 × S1, where:

• (x1, x2)
′
is the position of the middle point of the driving wheels axis;

• γ is the robot’s orientation, that is the angle formed by axes X r1 and X b1 , cf. Fig. 1a.
The robot is equipped with a rotating LIDAR1 sensor positioned at point (x1, x2)

′
. When the laser beam

hits a reflective beacon, in other words, when it is aligned with the robot-beacon line2, this mechanism
provides a measurement of the robot-beacon distance and of the angle formed by axis X b1 and the robot-
beacon line, see Fig. 1a. As in [11], the measurements of angles φ1, φ2 and distance ρ1 are taken into
account. The associated output model, where xB denotes the abscissa of B in the reference frame, is:





φ1(τ) = arctan

(
x2
x1

)
+ π − γ

ρ1(τ) =
√

(x21 + x22)

φ2(τ) = arctan

(
x2

x1 − xB

)
+ π − γ

(1)

In order to make this latter set of equations easier to handle, system (ΣR) is rewritten using polar
coordinates w.r.t. both A and B —cf. Fig. 1b. Then, the angles α1, α2 and distances ρ1, ρ2 are such
that:

• x1 = ρ1 cos(α1) and x2 = ρ1 sin(α1);

• x1 = xB + ρ2 cos(α2) and x2 = ρ2 sin(α2).

In those new coordinates, the full dynamics, with output vector y(t), are given by:




α̇1

ρ̇1
α̇2

ρ̇2
γ̇




=




v

ρ1
sin(γ − α1)

v cos(γ − α1)
v

ρ2
sin(γ − α2)

v cos(γ − α2)
u



, (ΣP )

y(t) =



φ1
ρ1
φ2


 =



π + α1 − γ

ρ1
π + α2 − γ


 . (2)

1LIght Detection And Ranging.
2Robot-beacon line: the line that passes through (x1, x2)

′
and the center of the concerned beacon.



With the help of system (ΣP ), the original system (ΣR) is shown to be observable. Indeed, we can find
a change of coordinates that puts (ΣR) under a normal observability form —i.e. system (ΣN ) below.
Actually, the exact position of the robot can be computed from the knowledge of φ2−φ1 and ρ1 —which
are the state variables of (ΣN ). The orientation of the robot can then be easily deduced.

Let us define z(τ) = y(τ) which yields to the following normal observability form:
{
ż(τ) = A(u)z(τ) + b(z, u)

y(τ) = Cz(τ)
(ΣN )

where A(u) = O(3×3), C(τ) = Id3 and

b(z(τ), u(τ)) =




v sin(z1)

z2
− u

−v cos(z1)
v sin(z3)

ρ̄(z1, z2, z3)
− u


 . (3)

In the vector field (3), the mapping ρ̄(z1, z2, z3) corresponds to ρ2 obtained through Al-Kashi’s law of
cosines. It has the following form:

ρ̄(z1, z2, z3) = z2 cos(z3 − z1) +
√
x2B − z22 sin2(z3 − z1).
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X b
1

<latexit sha1_base64="r2qVvtnU1l8/i8LiMXxGQ8zu2c4=">AAAB+nicbVC7TsMwFL3hWcorhZHFokViqpIuMFawMBaJPqQ2RI7rtFYdJ7IdUBX6KSwMIMTKl7DxNzhtBmg5kqWjc+7VPT5BwpnSjvNtra1vbG5tl3bKu3v7B4d25aij4lQS2iYxj2UvwIpyJmhbM81pL5EURwGn3WBynfvdByoVi8WdnibUi/BIsJARrI3k25XaIMJ6TDDPejPfvQ9qvl116s4caJW4BalCgZZvfw2GMUkjKjThWKm+6yTay7DUjHA6Kw9SRRNMJnhE+4YKHFHlZfPoM3RmlCEKY2me0Giu/t7IcKTUNArMZJ5TLXu5+J/XT3V46WVMJKmmgiwOhSlHOkZ5D2jIJCWaTw3BRDKTFZExlpho01bZlOAuf3mVdBp116m7t41q86qoowQncArn4MIFNOEGWtAGAo/wDK/wZj1ZL9a79bEYXbOKnWP4A+vzB28pk3E=</latexit><latexit sha1_base64="r2qVvtnU1l8/i8LiMXxGQ8zu2c4=">AAAB+nicbVC7TsMwFL3hWcorhZHFokViqpIuMFawMBaJPqQ2RI7rtFYdJ7IdUBX6KSwMIMTKl7DxNzhtBmg5kqWjc+7VPT5BwpnSjvNtra1vbG5tl3bKu3v7B4d25aij4lQS2iYxj2UvwIpyJmhbM81pL5EURwGn3WBynfvdByoVi8WdnibUi/BIsJARrI3k25XaIMJ6TDDPejPfvQ9qvl116s4caJW4BalCgZZvfw2GMUkjKjThWKm+6yTay7DUjHA6Kw9SRRNMJnhE+4YKHFHlZfPoM3RmlCEKY2me0Giu/t7IcKTUNArMZJ5TLXu5+J/XT3V46WVMJKmmgiwOhSlHOkZ5D2jIJCWaTw3BRDKTFZExlpho01bZlOAuf3mVdBp116m7t41q86qoowQncArn4MIFNOEGWtAGAo/wDK/wZj1ZL9a79bEYXbOKnWP4A+vzB28pk3E=</latexit><latexit sha1_base64="r2qVvtnU1l8/i8LiMXxGQ8zu2c4=">AAAB+nicbVC7TsMwFL3hWcorhZHFokViqpIuMFawMBaJPqQ2RI7rtFYdJ7IdUBX6KSwMIMTKl7DxNzhtBmg5kqWjc+7VPT5BwpnSjvNtra1vbG5tl3bKu3v7B4d25aij4lQS2iYxj2UvwIpyJmhbM81pL5EURwGn3WBynfvdByoVi8WdnibUi/BIsJARrI3k25XaIMJ6TDDPejPfvQ9qvl116s4caJW4BalCgZZvfw2GMUkjKjThWKm+6yTay7DUjHA6Kw9SRRNMJnhE+4YKHFHlZfPoM3RmlCEKY2me0Giu/t7IcKTUNArMZJ5TLXu5+J/XT3V46WVMJKmmgiwOhSlHOkZ5D2jIJCWaTw3BRDKTFZExlpho01bZlOAuf3mVdBp116m7t41q86qoowQncArn4MIFNOEGWtAGAo/wDK/wZj1ZL9a79bEYXbOKnWP4A+vzB28pk3E=</latexit><latexit sha1_base64="r2qVvtnU1l8/i8LiMXxGQ8zu2c4=">AAAB+nicbVC7TsMwFL3hWcorhZHFokViqpIuMFawMBaJPqQ2RI7rtFYdJ7IdUBX6KSwMIMTKl7DxNzhtBmg5kqWjc+7VPT5BwpnSjvNtra1vbG5tl3bKu3v7B4d25aij4lQS2iYxj2UvwIpyJmhbM81pL5EURwGn3WBynfvdByoVi8WdnibUi/BIsJARrI3k25XaIMJ6TDDPejPfvQ9qvl116s4caJW4BalCgZZvfw2GMUkjKjThWKm+6yTay7DUjHA6Kw9SRRNMJnhE+4YKHFHlZfPoM3RmlCEKY2me0Giu/t7IcKTUNArMZJ5TLXu5+J/XT3V46WVMJKmmgiwOhSlHOkZ5D2jIJCWaTw3BRDKTFZExlpho01bZlOAuf3mVdBp116m7t41q86qoowQncArn4MIFNOEGWtAGAo/wDK/wZj1ZL9a79bEYXbOKnWP4A+vzB28pk3E=</latexit>

✓
x1

x2

◆

<latexit sha1_base64="qrjDJrFI9KGT4mSe+FKhEnpdrkM=">AAACD3icbVBNS8NAEN34WetX1KOXYKt4Kkkveix68VjBfkATwmYzaZduNmF3Iy2h/8CLf8WLB0W8evXmv3HbBtHWBwOP92aYmRekjEpl21/Gyura+sZmaau8vbO7t28eHLZlkgkCLZKwRHQDLIFRDi1FFYNuKgDHAYNOMLye+p17EJIm/E6NU/Bi3Oc0ogQrLfnmWdUNoE95nsZYCTqajHzHdUd+3QUe/ohV36zYNXsGa5k4BamgAk3f/HTDhGQxcEUYlrLn2KnyciwUJQwmZTeTkGIyxH3oacpxDNLLZ/9MrFOthFaUCF1cWTP190SOYynHcaA79YEDuehNxf+8XqaiSy+nPM0UcDJfFGXMUok1DccKqQCi2FgTTATVt1pkgAUmSkdY1iE4iy8vk3a95tg157ZeaVwVcZTQMTpB58hBF6iBblATtRBBD+gJvaBX49F4Nt6M93nrilHMHKE/MD6+AdPenSQ=</latexit><latexit sha1_base64="qrjDJrFI9KGT4mSe+FKhEnpdrkM=">AAACD3icbVBNS8NAEN34WetX1KOXYKt4Kkkveix68VjBfkATwmYzaZduNmF3Iy2h/8CLf8WLB0W8evXmv3HbBtHWBwOP92aYmRekjEpl21/Gyura+sZmaau8vbO7t28eHLZlkgkCLZKwRHQDLIFRDi1FFYNuKgDHAYNOMLye+p17EJIm/E6NU/Bi3Oc0ogQrLfnmWdUNoE95nsZYCTqajHzHdUd+3QUe/ohV36zYNXsGa5k4BamgAk3f/HTDhGQxcEUYlrLn2KnyciwUJQwmZTeTkGIyxH3oacpxDNLLZ/9MrFOthFaUCF1cWTP190SOYynHcaA79YEDuehNxf+8XqaiSy+nPM0UcDJfFGXMUok1DccKqQCi2FgTTATVt1pkgAUmSkdY1iE4iy8vk3a95tg157ZeaVwVcZTQMTpB58hBF6iBblATtRBBD+gJvaBX49F4Nt6M93nrilHMHKE/MD6+AdPenSQ=</latexit><latexit sha1_base64="qrjDJrFI9KGT4mSe+FKhEnpdrkM=">AAACD3icbVBNS8NAEN34WetX1KOXYKt4Kkkveix68VjBfkATwmYzaZduNmF3Iy2h/8CLf8WLB0W8evXmv3HbBtHWBwOP92aYmRekjEpl21/Gyura+sZmaau8vbO7t28eHLZlkgkCLZKwRHQDLIFRDi1FFYNuKgDHAYNOMLye+p17EJIm/E6NU/Bi3Oc0ogQrLfnmWdUNoE95nsZYCTqajHzHdUd+3QUe/ohV36zYNXsGa5k4BamgAk3f/HTDhGQxcEUYlrLn2KnyciwUJQwmZTeTkGIyxH3oacpxDNLLZ/9MrFOthFaUCF1cWTP190SOYynHcaA79YEDuehNxf+8XqaiSy+nPM0UcDJfFGXMUok1DccKqQCi2FgTTATVt1pkgAUmSkdY1iE4iy8vk3a95tg157ZeaVwVcZTQMTpB58hBF6iBblATtRBBD+gJvaBX49F4Nt6M93nrilHMHKE/MD6+AdPenSQ=</latexit><latexit sha1_base64="qrjDJrFI9KGT4mSe+FKhEnpdrkM=">AAACD3icbVBNS8NAEN34WetX1KOXYKt4Kkkveix68VjBfkATwmYzaZduNmF3Iy2h/8CLf8WLB0W8evXmv3HbBtHWBwOP92aYmRekjEpl21/Gyura+sZmaau8vbO7t28eHLZlkgkCLZKwRHQDLIFRDi1FFYNuKgDHAYNOMLye+p17EJIm/E6NU/Bi3Oc0ogQrLfnmWdUNoE95nsZYCTqajHzHdUd+3QUe/ohV36zYNXsGa5k4BamgAk3f/HTDhGQxcEUYlrLn2KnyciwUJQwmZTeTkGIyxH3oacpxDNLLZ/9MrFOthFaUCF1cWTP190SOYynHcaA79YEDuehNxf+8XqaiSy+nPM0UcDJfFGXMUok1DccKqQCi2FgTTATVt1pkgAUmSkdY1iE4iy8vk3a95tg157ZeaVwVcZTQMTpB58hBF6iBblATtRBBD+gJvaBX49F4Nt6M93nrilHMHKE/MD6+AdPenSQ=</latexit>

�2
<latexit sha1_base64="Mc63xwna9xT5Zq5Zxcld4mATSvE=">AAACBXicbVC7TsMwFHXKq5RXgBGGiBaJoaqcLnSsygBjQfQhJVHkuE5r1XEi20Gqoi4s/AoLAwix8g9s/A1umwFajnSlo3Pute89QcKoVBB+G4W19Y3NreJ2aWd3b//APDzqyjgVmHRwzGLRD5AkjHLSUVQx0k8EQVHASC8YX8383gMRksb8Xk0S4kVoyGlIMVJa8s3Tijt/xLm7bnkZrMKq3WhM3WRE/XrFN8uwBuewVomdkzLI0fbNL3cQ4zQiXGGGpHRsmCgvQ0JRzMi05KaSJAiP0ZA4mnIUEell8wWm1rlWBlYYC11cWXP190SGIiknUaA7I6RGctmbif95TqrChpdRnqSKcLz4KEyZpWJrFok1oIJgxSaaICyo3tXCIyQQVjq4kg7BXj55lXTrNRvW7Nt6udnK4yiCE3AGLoANLkET3IA26AAMHsEzeAVvxpPxYrwbH4vWgpHPHIM/MD5/AG9DlpY=</latexit><latexit sha1_base64="Mc63xwna9xT5Zq5Zxcld4mATSvE=">AAACBXicbVC7TsMwFHXKq5RXgBGGiBaJoaqcLnSsygBjQfQhJVHkuE5r1XEi20Gqoi4s/AoLAwix8g9s/A1umwFajnSlo3Pute89QcKoVBB+G4W19Y3NreJ2aWd3b//APDzqyjgVmHRwzGLRD5AkjHLSUVQx0k8EQVHASC8YX8383gMRksb8Xk0S4kVoyGlIMVJa8s3Tijt/xLm7bnkZrMKq3WhM3WRE/XrFN8uwBuewVomdkzLI0fbNL3cQ4zQiXGGGpHRsmCgvQ0JRzMi05KaSJAiP0ZA4mnIUEell8wWm1rlWBlYYC11cWXP190SGIiknUaA7I6RGctmbif95TqrChpdRnqSKcLz4KEyZpWJrFok1oIJgxSaaICyo3tXCIyQQVjq4kg7BXj55lXTrNRvW7Nt6udnK4yiCE3AGLoANLkET3IA26AAMHsEzeAVvxpPxYrwbH4vWgpHPHIM/MD5/AG9DlpY=</latexit><latexit sha1_base64="Mc63xwna9xT5Zq5Zxcld4mATSvE=">AAACBXicbVC7TsMwFHXKq5RXgBGGiBaJoaqcLnSsygBjQfQhJVHkuE5r1XEi20Gqoi4s/AoLAwix8g9s/A1umwFajnSlo3Pute89QcKoVBB+G4W19Y3NreJ2aWd3b//APDzqyjgVmHRwzGLRD5AkjHLSUVQx0k8EQVHASC8YX8383gMRksb8Xk0S4kVoyGlIMVJa8s3Tijt/xLm7bnkZrMKq3WhM3WRE/XrFN8uwBuewVomdkzLI0fbNL3cQ4zQiXGGGpHRsmCgvQ0JRzMi05KaSJAiP0ZA4mnIUEell8wWm1rlWBlYYC11cWXP190SGIiknUaA7I6RGctmbif95TqrChpdRnqSKcLz4KEyZpWJrFok1oIJgxSaaICyo3tXCIyQQVjq4kg7BXj55lXTrNRvW7Nt6udnK4yiCE3AGLoANLkET3IA26AAMHsEzeAVvxpPxYrwbH4vWgpHPHIM/MD5/AG9DlpY=</latexit><latexit sha1_base64="Mc63xwna9xT5Zq5Zxcld4mATSvE=">AAACBXicbVC7TsMwFHXKq5RXgBGGiBaJoaqcLnSsygBjQfQhJVHkuE5r1XEi20Gqoi4s/AoLAwix8g9s/A1umwFajnSlo3Pute89QcKoVBB+G4W19Y3NreJ2aWd3b//APDzqyjgVmHRwzGLRD5AkjHLSUVQx0k8EQVHASC8YX8383gMRksb8Xk0S4kVoyGlIMVJa8s3Tijt/xLm7bnkZrMKq3WhM3WRE/XrFN8uwBuewVomdkzLI0fbNL3cQ4zQiXGGGpHRsmCgvQ0JRzMi05KaSJAiP0ZA4mnIUEell8wWm1rlWBlYYC11cWXP190SGIiknUaA7I6RGctmbif95TqrChpdRnqSKcLz4KEyZpWJrFok1oIJgxSaaICyo3tXCIyQQVjq4kg7BXj55lXTrNRvW7Nt6udnK4yiCE3AGLoANLkET3IA26AAMHsEzeAVvxpPxYrwbH4vWgpHPHIM/MD5/AG9DlpY=</latexit>

�1
<latexit sha1_base64="+yFvjLxjyX1JP1Jh8xgJ4c07oNU=">AAACB3icbVDLSsNAFJ34rPUVdSnIYCu4KCUp1Meu1IUuq9gHJCFMppN26OTBzEQooTs3/oobF4q49Rfc+TdO0yy09cCFwzn3ztx7vJhRIQ3jW1taXlldWy9sFDe3tnd29b39jogSjkkbRyziPQ8JwmhI2pJKRnoxJyjwGOl6o6up330gXNAovJfjmDgBGoTUpxhJJbn6UdnOHrHurptOalTOLiu1en0C7XhIXbPs6iWjamSAi8TMSQnkaLn6l92PcBKQUGKGhLBMI5ZOirikmJFJ0U4EiREeoQGxFA1RQISTZitM4IlS+tCPuKpQwkz9PZGiQIhx4KnOAMmhmPem4n+elUj/wklpGCeShHj2kZ8wKCM4DQX2KSdYsrEiCHOqdoV4iDjCUkVXVCGY8ycvkk6tahpV87ZWajTzOArgEByDU2CCc9AAN6AF2gCDR/AMXsGb9qS9aO/ax6x1SctnDsAfaJ8/UFCXAw==</latexit><latexit sha1_base64="+yFvjLxjyX1JP1Jh8xgJ4c07oNU=">AAACB3icbVDLSsNAFJ34rPUVdSnIYCu4KCUp1Meu1IUuq9gHJCFMppN26OTBzEQooTs3/oobF4q49Rfc+TdO0yy09cCFwzn3ztx7vJhRIQ3jW1taXlldWy9sFDe3tnd29b39jogSjkkbRyziPQ8JwmhI2pJKRnoxJyjwGOl6o6up330gXNAovJfjmDgBGoTUpxhJJbn6UdnOHrHurptOalTOLiu1en0C7XhIXbPs6iWjamSAi8TMSQnkaLn6l92PcBKQUGKGhLBMI5ZOirikmJFJ0U4EiREeoQGxFA1RQISTZitM4IlS+tCPuKpQwkz9PZGiQIhx4KnOAMmhmPem4n+elUj/wklpGCeShHj2kZ8wKCM4DQX2KSdYsrEiCHOqdoV4iDjCUkVXVCGY8ycvkk6tahpV87ZWajTzOArgEByDU2CCc9AAN6AF2gCDR/AMXsGb9qS9aO/ax6x1SctnDsAfaJ8/UFCXAw==</latexit><latexit sha1_base64="+yFvjLxjyX1JP1Jh8xgJ4c07oNU=">AAACB3icbVDLSsNAFJ34rPUVdSnIYCu4KCUp1Meu1IUuq9gHJCFMppN26OTBzEQooTs3/oobF4q49Rfc+TdO0yy09cCFwzn3ztx7vJhRIQ3jW1taXlldWy9sFDe3tnd29b39jogSjkkbRyziPQ8JwmhI2pJKRnoxJyjwGOl6o6up330gXNAovJfjmDgBGoTUpxhJJbn6UdnOHrHurptOalTOLiu1en0C7XhIXbPs6iWjamSAi8TMSQnkaLn6l92PcBKQUGKGhLBMI5ZOirikmJFJ0U4EiREeoQGxFA1RQISTZitM4IlS+tCPuKpQwkz9PZGiQIhx4KnOAMmhmPem4n+elUj/wklpGCeShHj2kZ8wKCM4DQX2KSdYsrEiCHOqdoV4iDjCUkVXVCGY8ycvkk6tahpV87ZWajTzOArgEByDU2CCc9AAN6AF2gCDR/AMXsGb9qS9aO/ax6x1SctnDsAfaJ8/UFCXAw==</latexit><latexit sha1_base64="+yFvjLxjyX1JP1Jh8xgJ4c07oNU=">AAACB3icbVDLSsNAFJ34rPUVdSnIYCu4KCUp1Meu1IUuq9gHJCFMppN26OTBzEQooTs3/oobF4q49Rfc+TdO0yy09cCFwzn3ztx7vJhRIQ3jW1taXlldWy9sFDe3tnd29b39jogSjkkbRyziPQ8JwmhI2pJKRnoxJyjwGOl6o6up330gXNAovJfjmDgBGoTUpxhJJbn6UdnOHrHurptOalTOLiu1en0C7XhIXbPs6iWjamSAi8TMSQnkaLn6l92PcBKQUGKGhLBMI5ZOirikmJFJ0U4EiREeoQGxFA1RQISTZitM4IlS+tCPuKpQwkz9PZGiQIhx4KnOAMmhmPem4n+elUj/wklpGCeShHj2kZ8wKCM4DQX2KSdYsrEiCHOqdoV4iDjCUkVXVCGY8ycvkk6tahpV87ZWajTzOArgEByDU2CCc9AAN6AF2gCDR/AMXsGb9qS9aO/ax6x1SctnDsAfaJ8/UFCXAw==</latexit>

(a) Notations (planar representation).

A<latexit sha1_base64="91iaB/mTg2HGLZRHM/WfNp0/0as=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLVEbS4yCJHAhe8scbNjbu+zumZALP8HGQmNs/UV2/hsXuELBl0zy8t5MZuYFieDauO63U1hb39jcKm6Xdnb39g/Kh0dtHaeKYYvFIladgGoUXGLLcCOwkyikUSDwMRjfzPzHJ1Sax/LBTBL0IzqUPOSMGivdV6+q/XLFrblzkFXi5aQCOZr98ldvELM0QmmYoFp3PTcxfkaV4UzgtNRLNSaUjekQu5ZKGqH2s/mpU3JmlQEJY2VLGjJXf09kNNJ6EgW2M6JmpJe9mfif101NeOlnXCapQckWi8JUEBOT2d9kwBUyIyaWUKa4vZWwEVWUGZtOyYbgLb+8Str1mufWvLt6pXGdx1GEEziFc/DgAhpwC01oAYMhPMMrvDnCeXHenY9Fa8HJZ47hD5zPH0m/jR8=</latexit><latexit sha1_base64="91iaB/mTg2HGLZRHM/WfNp0/0as=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLVEbS4yCJHAhe8scbNjbu+zumZALP8HGQmNs/UV2/hsXuELBl0zy8t5MZuYFieDauO63U1hb39jcKm6Xdnb39g/Kh0dtHaeKYYvFIladgGoUXGLLcCOwkyikUSDwMRjfzPzHJ1Sax/LBTBL0IzqUPOSMGivdV6+q/XLFrblzkFXi5aQCOZr98ldvELM0QmmYoFp3PTcxfkaV4UzgtNRLNSaUjekQu5ZKGqH2s/mpU3JmlQEJY2VLGjJXf09kNNJ6EgW2M6JmpJe9mfif101NeOlnXCapQckWi8JUEBOT2d9kwBUyIyaWUKa4vZWwEVWUGZtOyYbgLb+8Str1mufWvLt6pXGdx1GEEziFc/DgAhpwC01oAYMhPMMrvDnCeXHenY9Fa8HJZ47hD5zPH0m/jR8=</latexit><latexit sha1_base64="91iaB/mTg2HGLZRHM/WfNp0/0as=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLVEbS4yCJHAhe8scbNjbu+zumZALP8HGQmNs/UV2/hsXuELBl0zy8t5MZuYFieDauO63U1hb39jcKm6Xdnb39g/Kh0dtHaeKYYvFIladgGoUXGLLcCOwkyikUSDwMRjfzPzHJ1Sax/LBTBL0IzqUPOSMGivdV6+q/XLFrblzkFXi5aQCOZr98ldvELM0QmmYoFp3PTcxfkaV4UzgtNRLNSaUjekQu5ZKGqH2s/mpU3JmlQEJY2VLGjJXf09kNNJ6EgW2M6JmpJe9mfif101NeOlnXCapQckWi8JUEBOT2d9kwBUyIyaWUKa4vZWwEVWUGZtOyYbgLb+8Str1mufWvLt6pXGdx1GEEziFc/DgAhpwC01oAYMhPMMrvDnCeXHenY9Fa8HJZ47hD5zPH0m/jR8=</latexit><latexit sha1_base64="91iaB/mTg2HGLZRHM/WfNp0/0as=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLVEbS4yCJHAhe8scbNjbu+zumZALP8HGQmNs/UV2/hsXuELBl0zy8t5MZuYFieDauO63U1hb39jcKm6Xdnb39g/Kh0dtHaeKYYvFIladgGoUXGLLcCOwkyikUSDwMRjfzPzHJ1Sax/LBTBL0IzqUPOSMGivdV6+q/XLFrblzkFXi5aQCOZr98ldvELM0QmmYoFp3PTcxfkaV4UzgtNRLNSaUjekQu5ZKGqH2s/mpU3JmlQEJY2VLGjJXf09kNNJ6EgW2M6JmpJe9mfif101NeOlnXCapQckWi8JUEBOT2d9kwBUyIyaWUKa4vZWwEVWUGZtOyYbgLb+8Str1mufWvLt6pXGdx1GEEziFc/DgAhpwC01oAYMhPMMrvDnCeXHenY9Fa8HJZ47hD5zPH0m/jR8=</latexit>

B<latexit sha1_base64="C3W9CRqUyYKjSR2ZXTJN3/s2c4I=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLQk2lhgFSeBC9pY92LC3d9mdMyEXfoKNhcbY+ovs/DcucIWCL5nk5b2ZzMwLEikMuu63U9jY3NreKe6W9vYPDo/KxycdE6ea8TaLZay7ATVcCsXbKFDybqI5jQLJH4PJzdx/fOLaiFg94DThfkRHSoSCUbTSfbVZHZQrbs1dgKwTLycVyNEalL/6w5ilEVfIJDWm57kJ+hnVKJjks1I/NTyhbEJHvGepohE3frY4dUYurDIkYaxtKSQL9fdERiNjplFgOyOKY7PqzcX/vF6K4bWfCZWkyBVbLgpTSTAm87/JUGjOUE4toUwLeythY6opQ5tOyYbgrb68Tjr1mufWvLt6pdHM4yjCGZzDJXhwBQ24hRa0gcEInuEV3hzpvDjvzseyteDkM6fwB87nD0tEjSA=</latexit><latexit sha1_base64="C3W9CRqUyYKjSR2ZXTJN3/s2c4I=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLQk2lhgFSeBC9pY92LC3d9mdMyEXfoKNhcbY+ovs/DcucIWCL5nk5b2ZzMwLEikMuu63U9jY3NreKe6W9vYPDo/KxycdE6ea8TaLZay7ATVcCsXbKFDybqI5jQLJH4PJzdx/fOLaiFg94DThfkRHSoSCUbTSfbVZHZQrbs1dgKwTLycVyNEalL/6w5ilEVfIJDWm57kJ+hnVKJjks1I/NTyhbEJHvGepohE3frY4dUYurDIkYaxtKSQL9fdERiNjplFgOyOKY7PqzcX/vF6K4bWfCZWkyBVbLgpTSTAm87/JUGjOUE4toUwLeythY6opQ5tOyYbgrb68Tjr1mufWvLt6pdHM4yjCGZzDJXhwBQ24hRa0gcEInuEV3hzpvDjvzseyteDkM6fwB87nD0tEjSA=</latexit><latexit sha1_base64="C3W9CRqUyYKjSR2ZXTJN3/s2c4I=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLQk2lhgFSeBC9pY92LC3d9mdMyEXfoKNhcbY+ovs/DcucIWCL5nk5b2ZzMwLEikMuu63U9jY3NreKe6W9vYPDo/KxycdE6ea8TaLZay7ATVcCsXbKFDybqI5jQLJH4PJzdx/fOLaiFg94DThfkRHSoSCUbTSfbVZHZQrbs1dgKwTLycVyNEalL/6w5ilEVfIJDWm57kJ+hnVKJjks1I/NTyhbEJHvGepohE3frY4dUYurDIkYaxtKSQL9fdERiNjplFgOyOKY7PqzcX/vF6K4bWfCZWkyBVbLgpTSTAm87/JUGjOUE4toUwLeythY6opQ5tOyYbgrb68Tjr1mufWvLt6pdHM4yjCGZzDJXhwBQ24hRa0gcEInuEV3hzpvDjvzseyteDkM6fwB87nD0tEjSA=</latexit><latexit sha1_base64="C3W9CRqUyYKjSR2ZXTJN3/s2c4I=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLQk2lhgFSeBC9pY92LC3d9mdMyEXfoKNhcbY+ovs/DcucIWCL5nk5b2ZzMwLEikMuu63U9jY3NreKe6W9vYPDo/KxycdE6ea8TaLZay7ATVcCsXbKFDybqI5jQLJH4PJzdx/fOLaiFg94DThfkRHSoSCUbTSfbVZHZQrbs1dgKwTLycVyNEalL/6w5ilEVfIJDWm57kJ+hnVKJjks1I/NTyhbEJHvGepohE3frY4dUYurDIkYaxtKSQL9fdERiNjplFgOyOKY7PqzcX/vF6K4bWfCZWkyBVbLgpTSTAm87/JUGjOUE4toUwLeythY6opQ5tOyYbgrb68Tjr1mufWvLt6pdHM4yjCGZzDJXhwBQ24hRa0gcEInuEV3hzpvDjvzseyteDkM6fwB87nD0tEjSA=</latexit>

X b
1

<latexit sha1_base64="r2qVvtnU1l8/i8LiMXxGQ8zu2c4=">AAAB+nicbVC7TsMwFL3hWcorhZHFokViqpIuMFawMBaJPqQ2RI7rtFYdJ7IdUBX6KSwMIMTKl7DxNzhtBmg5kqWjc+7VPT5BwpnSjvNtra1vbG5tl3bKu3v7B4d25aij4lQS2iYxj2UvwIpyJmhbM81pL5EURwGn3WBynfvdByoVi8WdnibUi/BIsJARrI3k25XaIMJ6TDDPejPfvQ9qvl116s4caJW4BalCgZZvfw2GMUkjKjThWKm+6yTay7DUjHA6Kw9SRRNMJnhE+4YKHFHlZfPoM3RmlCEKY2me0Giu/t7IcKTUNArMZJ5TLXu5+J/XT3V46WVMJKmmgiwOhSlHOkZ5D2jIJCWaTw3BRDKTFZExlpho01bZlOAuf3mVdBp116m7t41q86qoowQncArn4MIFNOEGWtAGAo/wDK/wZj1ZL9a79bEYXbOKnWP4A+vzB28pk3E=</latexit><latexit sha1_base64="r2qVvtnU1l8/i8LiMXxGQ8zu2c4=">AAAB+nicbVC7TsMwFL3hWcorhZHFokViqpIuMFawMBaJPqQ2RI7rtFYdJ7IdUBX6KSwMIMTKl7DxNzhtBmg5kqWjc+7VPT5BwpnSjvNtra1vbG5tl3bKu3v7B4d25aij4lQS2iYxj2UvwIpyJmhbM81pL5EURwGn3WBynfvdByoVi8WdnibUi/BIsJARrI3k25XaIMJ6TDDPejPfvQ9qvl116s4caJW4BalCgZZvfw2GMUkjKjThWKm+6yTay7DUjHA6Kw9SRRNMJnhE+4YKHFHlZfPoM3RmlCEKY2me0Giu/t7IcKTUNArMZJ5TLXu5+J/XT3V46WVMJKmmgiwOhSlHOkZ5D2jIJCWaTw3BRDKTFZExlpho01bZlOAuf3mVdBp116m7t41q86qoowQncArn4MIFNOEGWtAGAo/wDK/wZj1ZL9a79bEYXbOKnWP4A+vzB28pk3E=</latexit><latexit sha1_base64="r2qVvtnU1l8/i8LiMXxGQ8zu2c4=">AAAB+nicbVC7TsMwFL3hWcorhZHFokViqpIuMFawMBaJPqQ2RI7rtFYdJ7IdUBX6KSwMIMTKl7DxNzhtBmg5kqWjc+7VPT5BwpnSjvNtra1vbG5tl3bKu3v7B4d25aij4lQS2iYxj2UvwIpyJmhbM81pL5EURwGn3WBynfvdByoVi8WdnibUi/BIsJARrI3k25XaIMJ6TDDPejPfvQ9qvl116s4caJW4BalCgZZvfw2GMUkjKjThWKm+6yTay7DUjHA6Kw9SRRNMJnhE+4YKHFHlZfPoM3RmlCEKY2me0Giu/t7IcKTUNArMZJ5TLXu5+J/XT3V46WVMJKmmgiwOhSlHOkZ5D2jIJCWaTw3BRDKTFZExlpho01bZlOAuf3mVdBp116m7t41q86qoowQncArn4MIFNOEGWtAGAo/wDK/wZj1ZL9a79bEYXbOKnWP4A+vzB28pk3E=</latexit><latexit sha1_base64="r2qVvtnU1l8/i8LiMXxGQ8zu2c4=">AAAB+nicbVC7TsMwFL3hWcorhZHFokViqpIuMFawMBaJPqQ2RI7rtFYdJ7IdUBX6KSwMIMTKl7DxNzhtBmg5kqWjc+7VPT5BwpnSjvNtra1vbG5tl3bKu3v7B4d25aij4lQS2iYxj2UvwIpyJmhbM81pL5EURwGn3WBynfvdByoVi8WdnibUi/BIsJARrI3k25XaIMJ6TDDPejPfvQ9qvl116s4caJW4BalCgZZvfw2GMUkjKjThWKm+6yTay7DUjHA6Kw9SRRNMJnhE+4YKHFHlZfPoM3RmlCEKY2me0Giu/t7IcKTUNArMZJ5TLXu5+J/XT3V46WVMJKmmgiwOhSlHOkZ5D2jIJCWaTw3BRDKTFZExlpho01bZlOAuf3mVdBp116m7t41q86qoowQncArn4MIFNOEGWtAGAo/wDK/wZj1ZL9a79bEYXbOKnWP4A+vzB28pk3E=</latexit>

↵1
<latexit sha1_base64="R4WU9CseId3hjj2LQ/bYGfu2+M4=">AAAB8XicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYk2lpjIR4QLmVv2YMPe3mV3z4Rc+Bc2Fhpj67+x89+4wBUKvmSSl/dmMjMvSATXxnW/ncLG5tb2TnG3tLd/cHhUPj5p6zhVlLVoLGLVDVAzwSVrGW4E6yaKYRQI1gkmt3O/88SU5rF8MNOE+RGOJA85RWOlx2ofRTLGgVcdlCtuzV2ArBMvJxXI0RyUv/rDmKYRk4YK1LrnuYnxM1SGU8FmpX6qWYJ0giPWs1RixLSfLS6ekQurDEkYK1vSkIX6eyLDSOtpFNjOCM1Yr3pz8T+vl5rw2s+4TFLDJF0uClNBTEzm75MhV4waMbUEqeL2VkLHqJAaG1LJhuCtvrxO2vWa59a8+3qlcZPHUYQzOIdL8OAKGnAHTWgBBQnP8ApvjnZenHfnY9lacPKZU/gD5/MHb3yQFg==</latexit><latexit sha1_base64="R4WU9CseId3hjj2LQ/bYGfu2+M4=">AAAB8XicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYk2lpjIR4QLmVv2YMPe3mV3z4Rc+Bc2Fhpj67+x89+4wBUKvmSSl/dmMjMvSATXxnW/ncLG5tb2TnG3tLd/cHhUPj5p6zhVlLVoLGLVDVAzwSVrGW4E6yaKYRQI1gkmt3O/88SU5rF8MNOE+RGOJA85RWOlx2ofRTLGgVcdlCtuzV2ArBMvJxXI0RyUv/rDmKYRk4YK1LrnuYnxM1SGU8FmpX6qWYJ0giPWs1RixLSfLS6ekQurDEkYK1vSkIX6eyLDSOtpFNjOCM1Yr3pz8T+vl5rw2s+4TFLDJF0uClNBTEzm75MhV4waMbUEqeL2VkLHqJAaG1LJhuCtvrxO2vWa59a8+3qlcZPHUYQzOIdL8OAKGnAHTWgBBQnP8ApvjnZenHfnY9lacPKZU/gD5/MHb3yQFg==</latexit><latexit sha1_base64="R4WU9CseId3hjj2LQ/bYGfu2+M4=">AAAB8XicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYk2lpjIR4QLmVv2YMPe3mV3z4Rc+Bc2Fhpj67+x89+4wBUKvmSSl/dmMjMvSATXxnW/ncLG5tb2TnG3tLd/cHhUPj5p6zhVlLVoLGLVDVAzwSVrGW4E6yaKYRQI1gkmt3O/88SU5rF8MNOE+RGOJA85RWOlx2ofRTLGgVcdlCtuzV2ArBMvJxXI0RyUv/rDmKYRk4YK1LrnuYnxM1SGU8FmpX6qWYJ0giPWs1RixLSfLS6ekQurDEkYK1vSkIX6eyLDSOtpFNjOCM1Yr3pz8T+vl5rw2s+4TFLDJF0uClNBTEzm75MhV4waMbUEqeL2VkLHqJAaG1LJhuCtvrxO2vWa59a8+3qlcZPHUYQzOIdL8OAKGnAHTWgBBQnP8ApvjnZenHfnY9lacPKZU/gD5/MHb3yQFg==</latexit><latexit sha1_base64="R4WU9CseId3hjj2LQ/bYGfu2+M4=">AAAB8XicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYk2lpjIR4QLmVv2YMPe3mV3z4Rc+Bc2Fhpj67+x89+4wBUKvmSSl/dmMjMvSATXxnW/ncLG5tb2TnG3tLd/cHhUPj5p6zhVlLVoLGLVDVAzwSVrGW4E6yaKYRQI1gkmt3O/88SU5rF8MNOE+RGOJA85RWOlx2ofRTLGgVcdlCtuzV2ArBMvJxXI0RyUv/rDmKYRk4YK1LrnuYnxM1SGU8FmpX6qWYJ0giPWs1RixLSfLS6ekQurDEkYK1vSkIX6eyLDSOtpFNjOCM1Yr3pz8T+vl5rw2s+4TFLDJF0uClNBTEzm75MhV4waMbUEqeL2VkLHqJAaG1LJhuCtvrxO2vWa59a8+3qlcZPHUYQzOIdL8OAKGnAHTWgBBQnP8ApvjnZenHfnY9lacPKZU/gD5/MHb3yQFg==</latexit>

↵2
<latexit sha1_base64="PrHQai6NUZCtOAyrupx07oB2ZCk=">AAAB8XicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYk2lpjIR4QLmVv2YMPe3mV3z4Rc+Bc2Fhpj67+x89+4wBUKvmSSl/dmMjMvSATXxnW/ncLG5tb2TnG3tLd/cHhUPj5p6zhVlLVoLGLVDVAzwSVrGW4E6yaKYRQI1gkmt3O/88SU5rF8MNOE+RGOJA85RWOlx2ofRTLGQb06KFfcmrsAWSdeTiqQozkof/WHMU0jJg0VqHXPcxPjZ6gMp4LNSv1UswTpBEesZ6nEiGk/W1w8IxdWGZIwVrakIQv190SGkdbTKLCdEZqxXvXm4n9eLzXhtZ9xmaSGSbpcFKaCmJjM3ydDrhg1YmoJUsXtrYSOUSE1NqSSDcFbfXmdtOs1z6159/VK4yaPowhncA6X4MEVNOAOmtACChKe4RXeHO28OO/Ox7K14OQzp/AHzucPcQGQFw==</latexit><latexit sha1_base64="PrHQai6NUZCtOAyrupx07oB2ZCk=">AAAB8XicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYk2lpjIR4QLmVv2YMPe3mV3z4Rc+Bc2Fhpj67+x89+4wBUKvmSSl/dmMjMvSATXxnW/ncLG5tb2TnG3tLd/cHhUPj5p6zhVlLVoLGLVDVAzwSVrGW4E6yaKYRQI1gkmt3O/88SU5rF8MNOE+RGOJA85RWOlx2ofRTLGQb06KFfcmrsAWSdeTiqQozkof/WHMU0jJg0VqHXPcxPjZ6gMp4LNSv1UswTpBEesZ6nEiGk/W1w8IxdWGZIwVrakIQv190SGkdbTKLCdEZqxXvXm4n9eLzXhtZ9xmaSGSbpcFKaCmJjM3ydDrhg1YmoJUsXtrYSOUSE1NqSSDcFbfXmdtOs1z6159/VK4yaPowhncA6X4MEVNOAOmtACChKe4RXeHO28OO/Ox7K14OQzp/AHzucPcQGQFw==</latexit><latexit sha1_base64="PrHQai6NUZCtOAyrupx07oB2ZCk=">AAAB8XicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYk2lpjIR4QLmVv2YMPe3mV3z4Rc+Bc2Fhpj67+x89+4wBUKvmSSl/dmMjMvSATXxnW/ncLG5tb2TnG3tLd/cHhUPj5p6zhVlLVoLGLVDVAzwSVrGW4E6yaKYRQI1gkmt3O/88SU5rF8MNOE+RGOJA85RWOlx2ofRTLGQb06KFfcmrsAWSdeTiqQozkof/WHMU0jJg0VqHXPcxPjZ6gMp4LNSv1UswTpBEesZ6nEiGk/W1w8IxdWGZIwVrakIQv190SGkdbTKLCdEZqxXvXm4n9eLzXhtZ9xmaSGSbpcFKaCmJjM3ydDrhg1YmoJUsXtrYSOUSE1NqSSDcFbfXmdtOs1z6159/VK4yaPowhncA6X4MEVNOAOmtACChKe4RXeHO28OO/Ox7K14OQzp/AHzucPcQGQFw==</latexit><latexit sha1_base64="PrHQai6NUZCtOAyrupx07oB2ZCk=">AAAB8XicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYk2lpjIR4QLmVv2YMPe3mV3z4Rc+Bc2Fhpj67+x89+4wBUKvmSSl/dmMjMvSATXxnW/ncLG5tb2TnG3tLd/cHhUPj5p6zhVlLVoLGLVDVAzwSVrGW4E6yaKYRQI1gkmt3O/88SU5rF8MNOE+RGOJA85RWOlx2ofRTLGQb06KFfcmrsAWSdeTiqQozkof/WHMU0jJg0VqHXPcxPjZ6gMp4LNSv1UswTpBEesZ6nEiGk/W1w8IxdWGZIwVrakIQv190SGkdbTKLCdEZqxXvXm4n9eLzXhtZ9xmaSGSbpcFKaCmJjM3ydDrhg1YmoJUsXtrYSOUSE1NqSSDcFbfXmdtOs1z6159/VK4yaPowhncA6X4MEVNOAOmtACChKe4RXeHO28OO/Ox7K14OQzp/AHzucPcQGQFw==</latexit>

⇢1
<latexit sha1_base64="XEaeo2MYWou6R2QtKl7FTstYR6g=">AAAB73icbVDLTgJBEOzFF+IL9ehlIph4Irtc9Ej04hETeSSwIbPDLEyYxzoza0I2/IQXDxrj1d/x5t84wB4UrKSTSlV3uruihDNjff/bK2xsbm3vFHdLe/sHh0fl45O2UakmtEUUV7obYUM5k7RlmeW0m2iKRcRpJ5rczv3OE9WGKflgpwkNBR5JFjOCrZO61b4eq0FQHZQrfs1fAK2TICcVyNEclL/6Q0VSQaUlHBvTC/zEhhnWlhFOZ6V+amiCyQSPaM9RiQU1Yba4d4YunDJEsdKupEUL9fdEhoUxUxG5ToHt2Kx6c/E/r5fa+DrMmExSSyVZLopTjqxC8+fRkGlKLJ86golm7lZExlhjYl1EJRdCsPryOmnXa4FfC+7rlcZNHkcRzuAcLiGAK2jAHTShBQQ4PMMrvHmP3ov37n0sWwtePnMKf+B9/gABGI9F</latexit><latexit sha1_base64="XEaeo2MYWou6R2QtKl7FTstYR6g=">AAAB73icbVDLTgJBEOzFF+IL9ehlIph4Irtc9Ej04hETeSSwIbPDLEyYxzoza0I2/IQXDxrj1d/x5t84wB4UrKSTSlV3uruihDNjff/bK2xsbm3vFHdLe/sHh0fl45O2UakmtEUUV7obYUM5k7RlmeW0m2iKRcRpJ5rczv3OE9WGKflgpwkNBR5JFjOCrZO61b4eq0FQHZQrfs1fAK2TICcVyNEclL/6Q0VSQaUlHBvTC/zEhhnWlhFOZ6V+amiCyQSPaM9RiQU1Yba4d4YunDJEsdKupEUL9fdEhoUxUxG5ToHt2Kx6c/E/r5fa+DrMmExSSyVZLopTjqxC8+fRkGlKLJ86golm7lZExlhjYl1EJRdCsPryOmnXa4FfC+7rlcZNHkcRzuAcLiGAK2jAHTShBQQ4PMMrvHmP3ov37n0sWwtePnMKf+B9/gABGI9F</latexit><latexit sha1_base64="XEaeo2MYWou6R2QtKl7FTstYR6g=">AAAB73icbVDLTgJBEOzFF+IL9ehlIph4Irtc9Ej04hETeSSwIbPDLEyYxzoza0I2/IQXDxrj1d/x5t84wB4UrKSTSlV3uruihDNjff/bK2xsbm3vFHdLe/sHh0fl45O2UakmtEUUV7obYUM5k7RlmeW0m2iKRcRpJ5rczv3OE9WGKflgpwkNBR5JFjOCrZO61b4eq0FQHZQrfs1fAK2TICcVyNEclL/6Q0VSQaUlHBvTC/zEhhnWlhFOZ6V+amiCyQSPaM9RiQU1Yba4d4YunDJEsdKupEUL9fdEhoUxUxG5ToHt2Kx6c/E/r5fa+DrMmExSSyVZLopTjqxC8+fRkGlKLJ86golm7lZExlhjYl1EJRdCsPryOmnXa4FfC+7rlcZNHkcRzuAcLiGAK2jAHTShBQQ4PMMrvHmP3ov37n0sWwtePnMKf+B9/gABGI9F</latexit><latexit sha1_base64="XEaeo2MYWou6R2QtKl7FTstYR6g=">AAAB73icbVDLTgJBEOzFF+IL9ehlIph4Irtc9Ej04hETeSSwIbPDLEyYxzoza0I2/IQXDxrj1d/x5t84wB4UrKSTSlV3uruihDNjff/bK2xsbm3vFHdLe/sHh0fl45O2UakmtEUUV7obYUM5k7RlmeW0m2iKRcRpJ5rczv3OE9WGKflgpwkNBR5JFjOCrZO61b4eq0FQHZQrfs1fAK2TICcVyNEclL/6Q0VSQaUlHBvTC/zEhhnWlhFOZ6V+amiCyQSPaM9RiQU1Yba4d4YunDJEsdKupEUL9fdEhoUxUxG5ToHt2Kx6c/E/r5fa+DrMmExSSyVZLopTjqxC8+fRkGlKLJ86golm7lZExlhjYl1EJRdCsPryOmnXa4FfC+7rlcZNHkcRzuAcLiGAK2jAHTShBQQ4PMMrvHmP3ov37n0sWwtePnMKf+B9/gABGI9F</latexit>

⇢2
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(b) Notations (polar representations).

Figure 1: Geometry

3 Asynchronous High-gain EKF
The robot’s physical sensor, a rotating LIDAR, cannot provide continuous measurements of the output
vector y(τ). Moreover, all those measurements are neither synchronous nor uniformly taken. Therefore,
system (ΣN ) is not a faithful model of the robot’s dynamics. As such, following the formalism proposed in
[11], this section presents an asynchronous version of (ΣN ) together with the ad hoc high-gain extended
Kalman filter. In other words, the general context of the above cited article is adapted to the system
(ΣN ) in terms of state space and sensor output variables.

Two sets of measurements are available: y1 and y2 on the one hand, and y3 on the other hand.
Accordingly, we define two numerical sensors —denoted by (s1) and (s2)— and the output vectors:





y(s1)(τ) =

(
y1(τ)

y2(τ)

)
= C1z(τ)

y(s2)(τ) =
(
y3(τ)

)
= C2z(τ)



where matrices C1 and C2 are of the form:

C1 =

(
1 0 0
0 1 0

)
and C2 =

(
0 0 1

)
.

For i ∈ {1, 2}, a subdivision of time
{
s
(i)
k

}
k∈N

is associated to sensor (si), and a global subdivision

{τk}k∈N is defined as:
{τk}k∈N :=

{
s
(1)
l

}
l∈N
∪
{
s
(2)
l

}
l∈N

This is well defined in the physical space —when the line AB is not accessible— since
{
s
(1)
l

}
l∈N
∩

{
s
(2)
l

}
l∈N

= ∅. At each time τk, it is assumed that one of the two sensors (si) is available and there

exists an index l such that s(i)l = τk. Although the measurement procedure implies that numerical
sensors readings should take place alternatively, in practice, misreadings might occur. In such cases,
corresponding readings are dropped. Thus, the assumption of alternative readings cannot be guaranteed.
As a consequence, no specific structure can be expected from the {τk}k∈N subdivision, and the index l
such that s(i)l = τk is denoted l(i)k .

Let τk be a measurement time. We define σk as being equal to 1 if there is an index l(1)k such that
s
(1)

l
(1)
k

= τk. Alternatively, σk equals 2 if τk ∈ {s(2)l }l∈N.
The asynchronous continuous-discrete version of (ΣN ) is:

{
ż(τ) = A(u(τ))z(τ) + b(z(τ), u(τ))

y(τk) = Cσk
z(τk)

(ΣAN )

Let us now describe the asynchronous high-gain extended Kalman filter associated to (ΣAN ). It is
defined in two parts:

1. two prediction equations when τ ∈ [τk−1, τk[, k ∈ N∗, with initial values ẑ(+)
k−1 and S(+)

k−1;

2. two correction equations at time τk.

Notations:

• ẑ is the estimated state and S is the Ricatti matrix (the notations below are also used for S);

• ẑ(τ) is the estimated state for all τ ∈ [τk−1, τk[;

• ẑ(−)k is the estimated state at time τk, at the end of a prediction step and before a correction step;

• ẑ(+)
k is the estimated state at time τk, after a correction step. Therefore, ẑ(+)

k is the initial estimated
state of the new prediction interval [τk, τk+1[.

• S(0) is a (3× 3) s.p.d. real matrix;

• Q is a (3× 3) s.p.d. real matrix;

• R(1) a (2× 2) s.p.d. real matrix and R(2) > 0 is a scalar;

• θ > 1 denotes the so called (fixed) high-gain parameter;

• finally, Qθ = θQ and R(σk)
θ = 1

θR
(σk).

Prédiction Equations




˙̂z(τ) = A(u)ẑ + b(ẑ, u)

Ṡ(τ) = − [A(u) +Dzb(ẑ, u)]
′
S

−S [A(u) +Dzb(ẑ, u)]− SQθS
(O1)



Corrections Equations 
ẑ
(+)
k = ẑ

(−)
k − S

(+)−1

k C′σk

(
R

(σk)
θ

)−1

×(
Cσk ẑ

(−)
k − yk

)(
s
(i)

l
(i)
k

− s
(i)

l
(i)
k
−1

)
S

(+)
k = S

(−)
k + C′σk

(
R

(σk)
θ

)−1

Cσk

(
s
(i)

l
(i)
k

− s
(i)

l
(i)
k
−1

) (O2)

In other words, the correction at a time τk is performed with respect to each measurement yk =

Cσk
z(t) that is actually available. It also involves the weighting factor

(
s
(i)

l
(i)
k

− s(i)
l
(i)
k −1

)
equal to the time

elapsed since the last time this specific output was measured.
For a thorough definition of this observer, and a complete exposure of its proof of convergence,

interested readers may refer to [11].

4 Experimental Results

4.1 Equipment
The Turtlebot3 Waffle is a small mobile robot produced by Robotis [12] whose dimensions are given in
Fig. 2. It is endowed with an Intel R© JouleTM570x single board computer, and a 32-bit ARM Cortex R©-
M7 microcontroller unit. Measurements obtained from a rotating LIDAR sensor are used to implement
the observer algorithm, and odometry sensors provide ground truth data. Finally, the robot is operated
via the ROS middleware [13]. Commands are sent by means of Python scripts that interpret either
joystick generated or preset instructions. For each experiment, LIDAR, commands and odometry data
are recorded in a log file. This file is then converted into CSV files which are processed by the observer’s
code.

The rotating LIDAR sensor is a RPLIDAR A2 from Slamtec [14] which was placed at the middle point
of the driving wheels axis3. The accuracy of this LIDAR was assessed through a series of experiments
using different types of beacons. A mean bias of 1 cm with a variance of 1.5 cm was recorded on distance
measurements.

Figure 2: Turtlebot3 Waffle (source: [12])

4.2 Ground Truth
The ground truth is provided by the odometry data which was validated with the help of a webcam filming
from above. After a calibration step based on the pinhole model, the robot trajectory is extracted from
video data. For a 82 centimeters square trajectory, the two graphs obtained from video and odometry
data remain into a 0.5 cm wide band.

3On Fig. 2, it is the intersection between the two blue dotted lines.



4.3 Beacons
We used two J11 beacons of 19.9 centimeters in diameter having a reflective strip placed at an appropriate
height. Since the LIDAR has a resolution of 1 degree, 359 distance measurements are taken during a
LIDAR rotation. When the sensor scans a beacon, a number of measurements relating to it are taken,
and this number may vary from one rotation to another. If the robot remained still, those successive
measurements of a beacon would form a circular arc. Although the robot is in motion, we suppose
that this circular arc is not distorted much since the velocity of the robot is low. Therefore, a curve
fitting algorithm is used to reconstruct the center of a beacon, to determine the corresponding angle and
to label the measurement. Angle values that are not consistent with previous detections are dropped
and interpreted as misreadings. This approach is more robust w.r.t. measurement noise than our first
attempts which consisted in using the nearest point or the mean angle formed by the robot with a
beacon. It also allows us to discriminate beacons from artefacts, which is illustrated in Fig. 3 and Fig. 4.
Each figure contains two graphs, the top one shows angle measurements and the bottom one, distance
measurements. When a detected object is determined to be a beacon, it is marked using a cross symbol
—in red for beacon A, blue for beacon B—, while a black dot marks a false positive.

Let us note that the experiments presented in this paper were performed under laboratory conditions.
Therefore, it was easy to label the beacons since we knew which one was detected first. However, without
this knowledge, the technique used to recover the center of a given beacon can be used to discriminate
between two beacons provided they are chosen with sufficiently different diameters.

Figure 3: Output measurements of the first experiment —i.e. using preset instructions. Black dots
correspond to false positive.

4.4 Experiments
As stated in the abstract, two different experiments were performed. In the first one, the robot followed
preset open loop instructions meant to describe a square-like trajectory —i.e. the black dashed line in
Fig. 5—, with a linear velocity of 0.08 meter/second and an angular velocity of 0.316 radian/second.
In the second experiment, the robot was operated by means of a remote controller, which led to the
erratic trajectory represented by a black dashed line in Fig. 7, with a maximal linear velocity of 0.17
meter/second and a maximal angular velocity of 1.259 radian/second. In order to provide a better
understanding of this trajectory, the physical —i.e. cartesian– coordinates are plotted against time in
Fig. 8.

The observer parameters were empirically set to the following values:

• θ = 2.5 for the first experiment, θ = 1.5 for the second one;

• Q = 10−2Id3;

• R(1) = Id2, and R(2) = 1;



Figure 4: Output measurements of the second experiment —i.e. using joystick generated instructions.
Black dots correspond to false positive.

• the initial Ricatti matrix S0 has been chosen as the solution of the static Ricatti equation solved
using time zero data.

The estimated trajectories in the physical space are shown in red in Fig. 5 and Fig. 7. Also, Fig. 6 and
Fig. 9 highlight the error between the estimated state and the ground truth data in normal coordinates.

In order to provide the reader with a better understanding of what happens during the first exper-
iment, the estimated position and the corresponding odometry data are highlighted at three different
time instants. Markers having the same colour correspond to a same time instant —filled star symbols
are used to mark estimated positions while empty star symbols are used on the odometry graph. Those
time instants are also pointed out by the three vertical lines that appear on Fig. 6:

• at time t = 9.9s the robot starts its first rotation;

• time t = 15s corresponds to the end of the first rotation;

• the markers at approximately 25s correspond to the beginning of the second rotation.

5 CONCLUSIONS
The high-gain observer approach is a powerfull way to construct exponentially converging observers.
Nevertheless, a classical drawback is their sensitivity to noise. Approaches based on the high-gain
extended Kalman filter provide a solution to this problem since it inherits from extended Kalman filter
its capacity to tackle noise. Although it is also possible to adapt online high-gain parameter to innovation
—and hence to the error [15]—, it was not needed in this practical case. Furthermore, this application
illustrates the ability of high-gain extended Kalman filter to use the dynamics of the system in order to
reconstruct information from asynchronous measurements. Indeed, the position of the moving robot may
be estimated only from measurements and from the state equation which relates each measurements.
Therefore, the change of coordinates and the high-gain parameter are respectful of the robot’s model.
We consider that this remark deserves to be made since the classical proof of convergence of high-
gain observers consists in neglecting dynamics beside measurements, thanks to the parameter θ. This
experiment and the proof of observability with asynchronous measurements illustrate that the main
dynamical aspects of the process are preserved.

Some improvements are left for the future. First of all, it would be interesting to compare the
results of this experiment with extensions of the study to the case where outputs are φ1, φ2 and ρ2, with
ρ2 the distance of the robot to beacon B and the case with the four outputs φ1, ρ1 and φ2, ρ2. The
underlying idea is to improve the algorithm by switching those three sets of outputs on the basis of a
criterion assessing the accuracy of the estimated trajectory or the reliability of a given measurement.



Figure 5: Movement with preset instructions: representation in the phase space

Figure 6: Movement with preset instructions: representation in the normal coordinates

Finally, we plan to test this observer on an underwater robot. The difficulty will be to move from
a two-dimensional environment with three state variables (position in R2 and orientation) to a three-
dimensional environment with six state variables (position in R3, roll, pitch, yaw) and manage different



Figure 7: Movement with a joystick: representation in the phase space

Figure 8: Movement with a joystick: representation in the cartesian coordinates

sensors —the ground truth can no more be obtained using the odometry sensors.



Figure 9: Movement with a joystick: representation in the normal coordinates
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