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RELAXED MULTI-MARGINAL COSTS AND QUANTIZATION
EFFECTS

GUY BOUCHITTE, GIUSEPPE BUTTAZZO, THIERRY CHAMPION, LUIGI DE PASCALE

ABSTRACT. We propose a duality theory for multi-marginal repulsive cost that
appear in optimal transport problems arising in Density Functional Theory. The
related optimization problems involve probabilities on the entire space and, as
minimizing sequences may lose mass at infinity, it is natural to expect relaxed so-
lutions which are sub-probabilities. We first characterize the N-marginals relaxed
cost in terms of a stratification formula which takes into account all k interactions
with £ < N. We then develop a duality framework involving continuous functions
vanishing at infinity and deduce primal-dual necessary and sufficient optimality
conditions Next we prove the existence and the regularity of an optimal dual po-
tential under very mild assumptions. In the last part of the paper, we apply our
results to a minimization problem involving a given continuous potential and we
give evidence of a mass quantization effect for optimal solutions.

Keywords: Multi-marginal optimal transport, Duality and Relaxation, Coulomb

cost, Quantization of minimizers
2010 Mathematics Subject Classification: 49J45, 49N15, 49K30, 35Q40

1. INTRODUCTION

An interesting issue in Density Functional Theory (DFT), an important branch
of Quantum Chemistry, is to understand the asymptotic behavior as ¢ — 0 of the
infimum problem

min {e7(p) + C(p) —U(p) : p € P} (1.1)
where the parameter ¢ stands for the Planck constant and
e T'(p) is the kinetic energy

1
7) =5 [ 1oL s

e (C(p) describes the electron-electron interaction;
e U(p) is the potential term

Ulp) = / Vi()pda

e P is the class of all probabilities over R?.

The term C(p) is the one on which we focus our attention. Here we want to stress
that the ambient space is the whole R? (d = 3 in the physical applications); for
simplicity integrals over R? are often denoted without the indication of the domain
of integration, and similarly for spaces of functions or measures defined over all R?
we do not indicate the domain. Starting from the works [4] and [7] the link between
optimal transportation problems [23] and DFT for Coulomb systems [I8] has been
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investigated and in particular the term C'(p) has been considered as a multi-marginal
transport cost:

C(p):inf{/RNdc(xl o aN)dP PEH(p)}

where .
C(IL‘l...,l‘N): Z m
1<i<j<N """ J

and I1(p) is the family of multi-marginal transport plans
I(p) = {PEP(RNd) 1P =pforalli= 1,...,N}

being m; the projections from R™¥? on the i-th factor R? and 7TZ# the push-forward
operator
77 P(E) = P(r;'(E))  for all Borel sets E C R
The relationship of the transport cost C'(p) with the DFT is mainly related to the
fact that it is the semiclassical limit of the Levy-Lieb energy as shown in [I1 [7, [8, [16].
If U is associated with a Coulomb potential V : R? — [0, +-00] of the kind

M
Zy. d
V(z) ; X Zp >0, X € RY,
where for k = 1,..., M the X}, are the positions of the nuclei and Zj, the correspond-
ing charges, it turns out that the infimum in (IZT]) blows up to —co as 1. Studying
the rescaled problem as ¢ — 0 is a quite difficult issue due to the presence of the
strong interaction term C(p). In particular it is not clear under which conditions
on the potential V' the problem ([LI)) admits a solution and what is the limiting
problem as € — 0 in the sense of I'-convergence. A partial answer is known when
the electronic energy C(p) involves two electrons only (see [2]). Some theoretical
and numerical results on the same problem are also contained in [5].

In contrast, if instead of the Coulomb potential we choose a continuous potential
V' vanishing at infinity, then the infimum in (IJ]) remains bounded as ¢ — 0. It
is important to notice that limits of minimizing sequences (p.) are not in general
probabilities since some mass can be lost at infinity (what we call ionization phe-
nomenon [12} 13, 21, 22]). It turns out by an elementary I'-convergence argument
that, in this case, the weak™ limits of (p.) can be characterized as solutions of the
limit problem

min {6(p) — /Vdp D pE 73_} (1.2)
where C(p) is the relaxation of the functional C/(p) defined by:
C(p) = inf {limninf Clpn) : pn—p, pn € 73} :
Notice that C(p) is defined for all p belonging to the class of sub-probabilities

P = {p nonnegative Borel measure on R? : [|p|| < 1}

where by ||p|| we simply denoted the mass of p

loll = / .
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The minimization problem ([L2]) is convex and our first goal is to develop a duality
theory for the optimal transport problem related to the cost functional C(p). This
is achieved by considering the compactification of R? through the addition of a point
w at infinity and the related dual space Cy & R. The duality formula is illustrated
in Theorem [3.2

C(p) = sup { [ o+ =Tl - ve A} (13

where A is the class of admissible functions, defined as

N
A:{QZJECOEBR : %;w(azi)gc(m,...,x]\/) Va:ie(]Rd)N},

and 1., denotes the limit of ¢ at infinity. Furthermore we prove for a large class of
p the existence of an optimal Lipschitz continuous potential ¢ for (L3)). We are also
able to represent the relaxed cost functional C' through a stratification formula:

N N N
= . _ k
Clp) = mf{ E Crlpr) @ pr€P, E ~PE =P E pxll < 1} (1.4)

which makes use of all partial interaction functionals Cr,1 < k < N as defined in
Z4). We recently become aware that some results on the same spirit but in the
framework of Grand Canonical Optimal Transportation are currently being obtained
by Di Marino, Lewin and Nenna [IT].

As an application of our duality theory we analyze the optimization problem
([C2) with a potential V(z) belonging to Cy. Even in this simplified case, when
no kinetic energy is present, we discover a very rich and surprising structure in
which, depending on the choice of V', we obtain optimal solutions which are either
probabilities or sub-probabilities with fractional mass % with & integer (phenomenon
that we may interpret as a mass quantization effect).

Most of the results presented in this paper could be extended with little effort to
the more general case of an interaction cost of the form

clry ...,xN) = Z |z — z4]) |

1<i<j<N

where the function ¢ : Rt — (0,+o00] is lower semicontinuous and vanishes at
infinity. Some more technical requirements on the function ¢ are needed to extend
the existence and Lipschitz regularity result of Section [l

The structure of the paper is as follow. In Section 2] we first identify the relaxed
functional C'(p) on P~ in an abstract compact framework (Proposition 1)) and then
establish the representation formula (L4]). In Section Bl we develop a complete du-
ality framework extending previous works [3], (10, [14] to the case of sub-probabilities
and allowing practical computations in case of finitely supported measures (Proposi-
tionB.8)). In addition we derive some very useful primal-dual necessary and sufficient
optimality conditions (Theorem BI2]). The long Section [ is devoted to the exis-
tence and Lipschitz regularity of an optimal dual potential for sub-probabilities. In
Section [ we apply all previous results to the relaxed problem ([L2) and enlighten
the mass quantization effect.

Let us list a few notations that will be used constantly along the paper.



4 GUY BOUCHITTE, GIUSEPPE BUTTAZZO, THIERRY CHAMPION, LUIGI DE PASCALE

— () is the space of continuous and bounded functions in R? equipped with
the sup-norm,;

— () is the separable Banach subspace of (', consisting of those functions van-
ishing at oo and Cj is subclass of nonnegative elements of Cp;

— Lip is the space of Lipschitz continuous functions on R? and for an element
¢ € Lip the Lipschitz semi-norm will be denoted by Lip(y). Lipy is the
subset of Lipschitz functions with Lipschitz constant equal to k;

— 1, denotes the positive part of a function 1, i.e. max{v,0};

— P(E) is the set of Borel probability measures on the metric space F;

— P~ (F) is the set of Borel sub-probability measures on the metric space F,
i.e. the set of positive measures p of total variation ||p|| < 1. P~ will
be equipped with the weak® convergence. With this convergence P~ is a
compact metrizable space.

2. THE RELAXED MULTI-MARGINAL COST

A crucial step for the proof of the existence of an optimal p € P for the mini-
mization problem (L2) is the study of the relaxed cost

C(p) = inf {liminf C(pn) @ pn—p, pn € 77}

of the electron-electron interaction functional C'(p). Note that, while C'(p) is defined
on probabilities p € P, since the weak™ convergence may allow loss of mass at
infinity, the relaxed cost C(p) is defined for p € P~. The complete characterization
of C(p) is obtained in Subsection In a first step we derive C(p) in a abstract
way by embedding R? into its Alexandroff compactification.

2.1. A compact framework for the relaxed cost. It is convenient to study this
cost in a compact framework, by embedding the elements p € P~ as probabilities in
a compact space. To this end, we introduce a point w at infinity, and we denote by
X =R?U {w} the compact set resulting from Alexandrov’s construction. We also
denote S : x + z the identity embedding of R? into X, and consider the transformed
Coulomb cost ¢ on X¥ given by

a1, an) = Y b (2.1)

1<i<j<N |1 — ]

where we set 1/]a — b| = 0 whenever a or b equals w. Note that this convention
yields that ¢ is lower semi-continuous on X. We can now define the transport cost

C for any p € P(X) by
C(p) == min{/ ¢dP @ PeP(XY), Pe H(,&)} .
XN

Note that C' is lower semi-continuous on P(X) endowed with the weak topology,
i.e. the topology of narrow convergence for measures on the compact set X. The
relation between C and C is as follows: for p € P we have that j := S#p belongs
to P(X), and

Pell(p) < P := (S®N)#P € I1(p)
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where we use the notation f®Y = f®---® f (N times). With these notations we

have
/ cdP = / c¢dP.
(RN XN

As a consequence C'(p) = C (S #p) whenever p € P. The following result now relates
C and C.

Proposition 2.1. For every p € P~ it holds
Ty =CG)  for pi=Stp+(1— [ol)d. (2:2)
Proof. We denote by
L(p) == C(S*p+ (1= [lpl)d.)
the right hand side of (2.2)). From the preceding discussion we clearly have
C(p)=C(p) =T(p) whenever p € P.

We first claim that I is weakly™ lower semicontinuous on P~. Indeed, assume that
pn — pin P~, and consider the probabilities over X

Then the sequence (p,), is weakly* compact in P(X) so that p, — p for some
p € P(X). We then infer L. R? = p, so that in fact p = S#p + (1 — ||p||)d., and

liminfT(p,) = liminfC(5,) > C(p) = T(p).
This proves the claim. Since C is the largest weakly* lower semicontinuous functional
on P~ which is lower than C' on P, we conclude that C' > T'.

We now turn to the opposite inequality C<T. Let pe P, fix p:=S%p+ (1 —
llpl])é. and P € II(p) a symmetric plan such that

M) =)= [ ea.

We fix N distinct vectors &1, ..., &y on the unit sphere R?, and for any integer n we
define the Borel map h,, : XV — (RY)Y by

hn(ZL'l, e ,I‘N) = (hn,l(xl)a ey th(ZL'N))
where h,,; : X — R? is given by

o () x if x € B(0,n),
ni\L) = .
’ 2n&; otherwise.

Note that on X it holds

cohngmwmax{LL}:mo(l). (2.3)

We now define P, as the symmetrization of (h,)# P, that is

P, = % S o ((ha)*P)

ogeSN
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We denote by p,, the marginal of P,, then p, € P satisfies p,L_B(0,n) = pLB(0,n).
As a consequence we get p, N p, so that from (2.3) we have

C(p) < liminf C(p,) < lim inf/ cdP,
n (RN

n

:liminf/ coh,dP
XN

n

< / ¢dP =T(p),
XN
which concludes the proof. O

2.2. Stratified representation of the relaxed cost. The formula (Z2]) in Propo-
sition 2] allows to recover the representation formula obtained in the case N = 2
in [2, Proposition 2.5] and to generalize it to any value N > 2. To this end, we in-
troduce all partial correlation costs Cy involving interactions k electrons interactions
for 2 < k < N. They are defined by setting for any pu € P~:

Cr(p) :== inf{/ cu(r, ... ap)dP(xy, ... xy) - 7P =p, Vi= 1,...,]{:}
(RN

(2.4)
where transport plans P are now non-negative Borel measures on (R?)" with total
mass ||P|| = [|u]| = [ dp and

- 1
kT, .. mp) =Ty, Ty W, W) = Z _ (2.5)

|z — 5]

being ¢ defined by (2.1]). It is also convenient to define C; on P~ as C; = 0 (meaning
that no interaction exists for a single electron). Note that our initial multi-marginal
cost C(p) agrees with Cy(p) for p € P.

We are now in position to state our stratification representation result:

Theorem 2.2. For every p € P~ it holds

N N N

— . B k:

Clp) = mf{ E Ce(pr) = p€P, E NPE=P E loxll < 1} . (2.6)
k=1 k=1 k=1

Moreover the infimum is attained whenever C(p) < +oc.

Remark 2.3. At this stage, we notice an important connection with the so-called
grand canonical formulation for the infinite multi-marginal problem. Indeed, if we
rewrite the sub-probabilities pj, in the form py = agvy with ||v|| = 1and 0 < ay, < 1,
we obtain

N N N

— : k k

C(p) = lnf{ E akﬁ Cr(ve) + vy €P, E OZkNVk =p, E ap < 1} . (2.7)
k=1 k=1 k=1

In the grand canonical formulation (see for instance [I7]), the summation with re-
spect to k in (7)) runs from 1 to +00. Mixed formulations have been used as well
by Cotar and Petrache (see [9]) and, very recently, by Di Marino, Lewin and Nenna
[11]. In the present paper, we aim to emphasize the connection with the relaxation
framework which is crucial for existence and nonexistence issues.
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Remark 2.4. From Theorem [3.12] below, we deduce that, for 1 < k < N, one has

N k
C(p) < Ck( k:p> whenever |[|p|| = N (2.8)

This is a consequence of (2.6 when taking p, = Np/k and p; = 0 if j # k. We
conjecture that the inequality in (2.8)) is in fact an equality (this would enlighten
the fact that configurations involving an integer number of electrons play a special
role).

Proof of Theorem[2.2. Fix p € P~ and consider the associated problem

N N N
. ok
(@) lnf{z Celo) = pe €P7, Y o= ) lioxl Sl}-
k=1 k=1 k=1

We first claim that C(p) > inf(Q,), and assume without loss of generality that
C(p) < +oo. Let P € P(XY) be an optimal symmetric plan for C'(p) = C(p) in the
right hand side of (2Z2]). We set

i = 7l (PI_(]Rd) x {w}N_k>

for any k in {1,..., N}, with the convention (RHN x {w}® = (RY)N. By the sym-
metry of P, we have

ot (ﬁL(RdxXN*1)> - (PI_(R x (R4 U {wh)N ! ) i( )

Since 7' P = p = S#p + (1 — ||p||)d.,, we then infer

N
_ Z (J;f__DW_Rd Z—uk
k=1

NY .
V = (k)ﬂkLRd

for all k. By the symmetry of P, we also have

N N N
(RAUfw}) ,; k ;;

As a consequence, the measures v, satisfy the constraints of ((),). Using the sym-
metry of ¢ and P and the definition of ¢; in (2.5), we obtain

N N N
Clp) = cdP = dP
('0) Z < k:) /(Rd)kx{w}zv—k ¢ ; /(Rd)k o r

k=2

where we have set

where for each k > 2, we indicate by P the Borel sub-probability on (R4)*

N -
P, = (k)ﬂ'l ..... k#P
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.....

any k the transport plan P, has marginals v so that

N N
o)=Y [ dn=YCuln) > nf(@Q,)
f—o J (REF k=2

which proves the claim. Note that, under the hypothesis C(p) < +oo, the equality
C(p) = inf(Q,) would directly yield that the family vs,. .., vy is a solution of (Q,).

We now prove the reverse inequality C(p) < inf(Q,), and assume without loss of
generality that inf(Q,) < +oo. We consider py, ..., py admissible for (Q,) such that
SV Cr(pr) < +oo. For each k > 2 take Py € P~ ((R)*) symmetric and optimal
for Ci(pr), we also set P, = p; and define for £ > 1 the plans

N—Fk times

b, = ((S®’“)#Pk) R0, RQ...Q00, .

We now symmetrize the plans P in the following way : for any k € {1,...,N} we

define
. N\ ! 4
Sym(Py) = (k:) Z (o1)" Py
IC{1,..,N}, |T|=k
where o7 is the permutation of {1,..., N} which is increasing on {1,...,k} with
image I and increasing on {k+1,..., N}. By convention if x € X we set o;(z) =
(To(1)s - - -5 To(n))- Finally we define

N
P* = Z Sym/(Py)
k=1
and we note that P* is a sub-probability on X since

N N N
P =3 [ dB= IR =Yl <1
/X N k=17 XY k=1 k=1
where the last inequality follows from the constraint in ((),). We can then define
on XV the probability
P=P+(1—|P),®...®0,.

We now compute the first marginal p = m# P: since it is a probability over X it is
sufficient to consider its restriction to RY, which gives
N N

PLRI=" (J;[) B > ot ((01)#I5k) LR =Y (];7) B (];[__11) P =p

k=1 Ic{1,.,N}, |I|=k k=1
where we used the fact that

e <(01)#Z5k> LRY=0 whenever 1¢ 1.

As a consequence p = S#p+ (1 —||p||)d,. We now infer from (Z2) that

Clp) = C(p) S/XN 6d15:kZ/XNedﬁk=kZCk(pk>

which concludes the proof. O
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We conclude this Section by a monotonicity formula for the partial interaction
costs Cy.

Proposition 2.5. Let u € P, then it holds
Yk > 1, Cr(p) > ——=>H=

In particular, one has

vk Z 17 Ck+1<,u> Z

Proof. Without loss of generality we assume Ci(p) < 400, and we denote by Py a
symmetric measure in IT(x) such that

Ck(ﬂ) :/C]C de

.....

Py, respectively by the projection on the 2 and [ first spaces R?. We note that these
two measures have p as marginals and that

W#QPI = ﬁﬁzpk = PB.

From the symmetry of P, and P, we can compute

Culp) = /ck dp, = (g) /02 dP, and (;) /02 AP, = /cl P, > C(p)

from which the inequality follows. O

3. DUAL FORMULATION OF THE RELAXED COST

This Section is devoted to a duality formula for C(p). We consider the separable
Banach space Cy @ R consisting of all continuous functions ¢ : RY — R with a
constant value at infinity, that is of the form ¥ = ¢ + k with ¢ € Cy and xk € R.
Then we consider the closed convex subset

A= {1/1 cCodR : %z;@b(xl) <c(xr) Ve (Rd)N} (3.1)

It is convenient to introduce also a larger convex set namely

B = {1/} €S : %;w(:pz) <c(z) Vre (Rd)N} (3.2)

where S denotes the set of lower semicontinuous functions v : R¢ — R such that
inf1y > —oo. To any such a function ¢, we associate the real numbers

Yoo = liminf ¢(x) = Rlirfw (inf{w(:p) Dz > R})

|z|—+o00

U™ = limsup(a) = lim (sup{v(@) : |a] = R}).

|z|—+o00

By induction on the integer NV, it is easy to check that
P> <0 for every ¢ € B.
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A particular choice of such a function in B is provided in Example hereafter. We
will use the following truncation lemma.

Lemma 3.1. Let ¢ belongs to A (resp. to B) and let X < )*>°. Then the function
¥y := max{y, A\} also belongs to A (resp. to B).

Proof. We have only to check that ¢, still satisfies the inequality constraint appear-
ing in the definitions of A and B. Let (x1,...,2y) € (RY)N and set I = {i : ¥y (z;) =
A}. Then consider sequences (y), such that

)

lyi'| = +o0, li_>m V() = A, [y — y}| — +oc whenever i # j.
Then we have
1 & 1
~ Z;wm) < lim - ;wy;‘) + ;ww
i= i j

< lim e((W)ier, (x)¢1) < c(a)

n—-+4o00

where, in the second inequality, we used the fact that all the terms 1/]y;" — y7| and
1/|x; — y'| vanish as n — oo. O

An important issue is the following duality representation of C'(p) which extends
to the case ||p|| < 1 the formula obtained in [3] for ||p|| = 1.

Theorem 3.2. For every p € P~, the following equalities hold

(o) = sup { v+~ prw} ~sup { v+ |rp|r>woo}, (33)

PYeEA
where the classes A and B are defined in [B1) and ([B.2).

Remark 3.3. By Lemma 3] the two equalities in (8.3]) are still valid if we restrict
the supremum to those functions v such that ¢ > 1),. This can be easily checked by
substituting an admissible ¢ by the function max{v, 1} which is still admissible
with a larger energy. Note that such a function it holds 1, = ¥>°.

Corollary 3.4. Let py, po in P~ such that py < py. Then C(py) < C(py).
Proof. Let us rewrite (B3] as

C(p) = sup {/(w—@/}oo)dp+¢oo}-

peA

In view of Remark B.3 we may assume that v — 1), > 0 from which the desired
inequality follows. O

Remark 3.5. In view of the compactification procedure introduced in Section [,
we may extend any function 1) € S to X = R? U {w} by setting u = ¥ on R? and
u(w) = 1. Notice that, by construction, u is lower semicontinuous as a function on
X (i.e. v e S(X)) and that it is continuous if and only ¥ = lim,|_,o 1(7) that is
to say ¢ € Cy ® R?. Furthermore, the point-wise constraint for 1 € B is equivalent
in term of u to the following

i=N

1

NZu(xl) < (1,9, . .., TN) vr € XV, (3.4)
i=1
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being the extended cost ¢ defined by (2.1). Accordingly, if p € P, the representation
formula (33]) can be rewritten as

C(p) = sup {/Xudﬁ . u € S(X) satisfies (BZI)}

where the supremum is taken alternatively in C'(X) or in S(X) and p := p+ (1 —
llp|])é. denotes the probability measure on X defined by

/X wdpi= [wdp+ (L= plutw) = [udp+ (1= lp])un

Let us finally notice following equivalence for a sequence (p,,)in P and p € P~:
Pn—p <= p,—p tightly on X.
Proof of Theorem[32. For every pair (p, ) € My x R, we set

aC(p/a) ifp>0,aecR and ||p|| = a,
+00 otherwise.

H(p,a) ::{

As C'is convex proper and nonnegative on probability measures, it is easy to check
that H is still convex proper nonnegative. In addition it is positively one homoge-
neous. Therefore the lower semicontinuous envelope of H on M, x R endowed with
its weak star topology can be characterized as the bipolar of H with respect to the
duality between M, x R and Cy x R, namely

F(p,a):Sup{/wdp+aﬁ—H*(s0,ﬁ)} s
3.5

:SUP{/<PdP+045 : H*(w,ﬁ)éo}

where the supremum is taken over pairs (p,3) € C° x R and where in the second
equality we exploit the homogeneity of H. By the definition of H, we infer that:

H*(p,0) <0 = /soderﬁSC(p) Vp € P.

By the definition of C'(p), the later inequality is equivalent to

1 N
— ;) dP < P(d VP e P.
N/W;som +p< [ dopin)  vPe

By taking for P a Dirac mass, we may conclude that
| N
H*(p,8) <0 <= N Zzlw(xz) + 5 < c(x) Vo e RV,

Therefore, setting ¢ = ¢ + § (thus 1o, = ) and o = 1, we deduce from (B.J]) and
B3) that
(o) =sup{ o (1= Il }.
peA
Therefore to establish the first equality in ([B.3)), we are reduced to show that:

Clp)=H(p,1), VpeP~ (3.6)
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The lower bound inequality for C(p) is straightforward since, for every sequence
pn — p, it holds
liminf C(p,) = liminf H(p,, 1) > H(p, 1).

To show that C(p) < H(p, 1) for every p € P~, we choose a particular sequence
(P, ) in M x RT such that

Pn — p, ay, — 1, H(pn, ) = Oan('O—n> — H(p,1).
Q

Then, setting p, := p,/,, we obtain a sequence of probability measures (p,) such
that g, — p and C(p,) — H(p,1). Thus (3.6)) is proved.

In order to prove the second equality in (B.3)), since the subset B is larger than
A, it is enough to show that

T(p) > / bdpt+ (1—plims Vi €B, Vpe P (3.7)

By (3.6), we know that the inequality above holds whenever ¢ belongs to A. To
extend it to ¢ € B, we follow Remark considering the element of S(X) defined
by v = 1 on R? and u(w) = 1)s,. As X is a compact metrizable space, we can find
a sequence (u,) in C°(X) such that

Un+1 > Uy, sSup Uy = U.
n

Clearly the restriction v, = u,_R? satisfies 1, < 1, thus belongs to A. By applying
Beppo Levi’s on X equipped with the probability measure p = p + (1 — ||p||)dw, We
obtain:

im [ dp-+ (1= 1)) = lim /X tn dp

~ [Cwdp= [wdp+ @ lolyen
X
from which (3.7) follows. The proof of Theorem is then achieved. O

Example 3.6. Take for every R > 0

[(N=1)/(R) if|2| <R,
Vr(z) = {—1/(43) if |z| > R.

It is easy to see that ¢ € B; indeed, if xy,...,x; are in the ball Bg(0) and

Thyi1,- ..,y are in RY\ Bp(0), we have to verify that
1 N -1 1 1
SR vk < -
1<i<j<N

Now, the left-hand side above reduces to (k — 1)/(4R) while for the right-hand side

we have
5 L 5 L kE-1) 1
| — ;] i — ;] 2 2R

— . X
1<i<j<N 1<i<j<k

As a direct consequence of Theorem B.2] we obtain

Proposition 3.7. It holds C(p) = 0 if and only if ||p|| < 1/N.
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Proof. Assume first that p satisfies ||p|| < 1/N and let ¢ € A. By fixing 21 = x and
letting x5, x3, ...y tend to infinity in different directions in the inequality

1 =N

S Dbl < ),

i=1
we infer that
Y(@)+ (N -1 <0 VzeR™
In particular, by sending |z| to infinity, we deduce that ¢, < 0. Therefore

/ bdp+ (1— oo < (1= NJp) <O Vi A

By B3], we are led to C(p) < 0, thus C(p) = 0 whenever ||p|| < 1/N.
_ Let us prove now the converse implication and take an element p € P~ such that
C(p) = 0. By (B3) for every 1) € B we have

/ Gdp+ (1= ol < 0.

In particular, taking as 1 the function 15 of Example B.6l we have

N -1 1 1
R _ cY _ (1 — <
= p(Br) — (B — (1= )15 <0,

so that
(N —=1)p(Br) < p(BR) +1—|lpl|-
Letting R — +o00 gives

(N =Dllpll <1 =lol
from which [|p|| < 1/N. O

3.1. A weak formulation for dual potentials. The initial motivation of this
subsection is to achieve the computation of C(p) through the formula (3] when p
has a finite support that is of the kind p = E{( @;0,, Where the a; € R¢ are distinct,
a; > 0and Y a; <1. As in Example below, we wish to reduce the computation
of the supremum in ([33)) to solving a finite dimensional linear programming problem
where the unknown vector involved y € R+ is defined by y; = v(a;) for 1 <i < K
and Yx 11 = Ys. The linear constraints on the components y; are deduced simply
from the overall inequalities in A (or B) by restricting them to the support of p¥®.

Then the following issue arises naturally: can we conversely pass from an inequal-
ity holding p™® almost everywhere to the overall inequality as required in Theorem
B2’ Following the notations introduced in Remark 3.5 we can answer this question
through the following weak formulation of the dual problem.

Proposition 3.8. Let p € P~(RY) and let p € P(X) defined by p= p+(1—||p||)d..
Then

é(p):sup{/xudﬁ : %Zu(xl) <c(z) N ae. ZL‘EXN}, (3.8)

being the supremum taken on S(X) or on C(X).
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Proof. As the admissible set in the right hand side of (B.8)) is larger than the one
given by ([B4), we have only to prove that, for every p € P~, it holds:

C(p) > /Xudﬁ for u € B(X), (3.9)

where B(X) denotes the set of elements u € S(X) such that
L
v ZU(%) < ¢(x) N ae xe XN, (3.10)
i=1

In a first step, we assume that:
u€Co®R with u(r) > . (3.11)

First we notice that the inequality in (BI0) holds in fact point-wise in (spt(p))V.
Indeed, if # € (spt(p))? is such that c(z) < 400, then we may integrate the inequal-
ity (3I0) on I1YY, B(x;,r) and then, dividing by I1Y, p(B(x;,r)) and sending r — 0,
we deduce from the continuity of u and ¢ at x that
| =N
N Z u(z;) < c(x).
i=1

Take e > 0. By the lower semicontinuity of ¢(x) — + >, u(x;), the subset

{x c xV . Zz:u(xl) < c(x) +€}

i=1

is an open neighborhood of (spt(p))Y. Therefore we may chose an open subset
. C R? such that:

(spt(p)N C ., %ZU(%) <c(z) +eforallz e ()N,

i=1

ua(z) = u(z) ifze.
T s ifze X\

Then by (BIT), u. belongs to S(X). Furthermore it satisfies the overall inequality
deduced from (B4) replacing ¢ by ¢ 4+ . We are now in position to prove (B.9):

choose a sequence (P,) in P(RN?) such that I1(P,) = p, — p and

Let us now define:

C(p) = liernC(pn) = lirrln/c(x) P,(dzx).

We obtain
N

3 “](V”f) P.(dz) — ¢

i=1

N

C(p) = lim c(x) P,(dx) > limninf/X

n XN

> liminf/ Us dp, — €
X

n

Z/usdﬁ e,
X
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where in the last line we exploit the lower semicontinuity of u. and the (tight)
convergence p, — p = p+ (1 —||p||)d,. We conclude the proof of (B3] by noticing
that u. = u p a.e. (u. =u on spt(p) U{w}).

In a second step, we remove the assumption that u(x) > wus. Assume first that
|lp|| < 1, then p has a positive mass on w and condition (8.I0]) implies then that, for
every k€ {1,...,N}:

k
1
N (Z u(x;) + (N — k:)uoo> < cp(xy, o, .., ) P ae. ((w1,... 1) € X*

i=1

Since ¢ (21,2, ..., x,) < c(x) for every x € X, by setting v = sup{u, u}, we
obtain a new continuous function which still satifies (.10 and such that

/vdﬁz/udﬁ.
X X

It is then enough to apply the first step to v. If ||p|| = 1, we simply apply the
construction of step 1 changing u. into

As now p has no mass on w, we still have that u. = u p a.e.

Eventually, we drop the continuity assumption by approaching a lower semicontin-
uous function u € B(X) by a sequence of continuous functions (u,) on X such
that:

Unp+1 > Uy, sup Uy = U.
n

Clearly each u,, satisfies the constraint (8.10) so that

Clp) = / Un, dp.
X
The conclusion follows by Beppo-Levi’s (monotone convergence) Theorem. O
Ezxample 3.9. Let ay, as, a3 € R®. Our aim is to compute

C(a15a1 + 0425(12 + Oz35a3) = f(ozl, 9, Oég)

as a function defined on the simplex
Q= {aER3 o >0, Zaigl}.

In order to lighten the calculations, we assume that
‘CLl - a2| = ‘CLQ —CL3| = ‘CLQ —CL3‘ =1

and we restrict ourselves to the case N = 3, where the cost reads

1 1 1 1
c(x) = = + * '
( ) Z :L’-—l’j| ‘xl—x2| ‘xl—xg‘ |$2—£L’3|
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Owing to the representation formula (B.8]), we obtain:

- +yo +
J

f(Oéh Qg, 043) = sup i=1 3 N
Ut 20 <0, 1<k<3, WSL 1< k<i<3

where y; stands for the value of u(a;) for i € {1,2,3} while y4 = u(w). Rewritten in
terms of the nonnegative unknowns z4 = y, and z; = 2x4 — y; for i € {1,2,3}, we
are led to a classic linear programming:

3
f(ozl,ozg,ozg):sup{<32aj—1>x4—2aixi x>0, Axgb},
j i=1

being
0o -1 -1 3 3
-1 0 -1 3 3
A= -1 -1 0 3 b= 3
-1 -1 -1 6 9
It turns out that, for o € [0, %]3, only three vertices are involved in the feasible set,
namely (0,0,0,0), (0,0,0,1) and (3,3, 3,3). We find
0 if s <1
3 . 113 =3
. ; fael0,z
fla) = {7 (Z_]Zl Oég) I« [ 73] with y(s) := ¢ 3s—1 if é <s< %
+00 otherwise, 3(25—1) f2<s<1.

Notice that here the function C(p), as a function of ||p||, is not differentiable at
|pll € {5, 3}. This seems to be a general fact when considering measures p supported
by a set of M points, more precisely if ||p|| = 1, we expect the function t — C(¢p)

to be non-differentiable for fractional masses ¢t = %

3.2. Optimality primal-dual conditions. By exploiting Theorem and The-
orem (in particular (2.6) and ([B.3)), we can deduce necessary and sufficient
conditions for optimality. It is convenient to introduce, for every k € {1,2,..., N}
and ¢ € Cy:

k
Mi.(p) :sup{%z:@(:pi) —ck(:pl,...,xk)} (3.12)

Lemma 3.10. The following properties hold:
i) The functional My(p) is conver and 1-Lipschitz on Cy. Moreover

M (t
lim y = M (p) =supp . (3.13)

t——+o00
it) For every ¢ € Cy and N € N*, we have:

W)S“

M1<—)§~-~§Mk(%0) < Mo

i11) For every k € N* and ¢ € Cy, it holds
My () = Mi(¢4) (3.15)

<Mylp).  (314)
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Proof. Let us start to prove 7). The convexity property is straightforward since Mj,
is a supremum of affine continuous functions. On the other hand, for every 1, o
in Cy, we obviously have:

M (p2) < Mi(1) +sup(p2 — 1) < Mi(p1) + |2 — 1.

Let us now identify the recession function of M) that is

M (p) := lim 7Mk(t<p) )

t——+o00 t

As Mi(¢) < sup, we clearly have M(¢) < sup . On the other hand, for every
= (z;) € (RY)* and ¢ > 0 it holds

1k
2 1))

so that, after sending ¢ — +o00 and then optimizing with respect to z, we get the
converse inequality thus (B.13).

We prove now ). Let k € {1,2,...,N — 1} and ¢ € Cy. Then, for every = =
(v1, 29, ..., Tp, Tpyp1) € (RYFFL it holds:

M4 <W> > % <; <,0(:L’@) + gO(xk+1)> — Ck+1(;1:)

k
ZE(Z gp]i/v >>—Ck($1,$2,...,xk),

i=1

where in the first line we use the definition ([BI2]), while in the second line we send
Tj41 to infinity taking into account that ¢(w) = 0. Finally, optimizing with respect
to o1, Ta, ..., xx gives the desired inequality (B.14]).

Let us finally prove iii). The inequality My (¢) < My(y) is trivial. To prove the
converse inequality, we observe that for every T1, T, ... T in R, it holds

1 k
Eszr(xi)_ck(xla"w _kz¢ yz y177yk>§Mk(’l/})7
=1

where y; = x; whenever ¢(z;) > 0 whereas y; = w otherwise, being ¢ the natural
extension of ¢, to (RIU{w})*. One readily checks that ¢y, (z1, ..., z%) > é(y1, ..., yr)

while S8 by (2;) < S8 () since 9h(w) = 0. O

From now on, we will use for C(p) (resp. for Cy(px)) given by [B3) (resp.(24))
the duality formulae rewritten in a condensed form as follows.

Proposition 3.11. For every p € P~, the following equalities hold:
Clo) = s { [wan— ()} (3.16)
peCo

In other words, C' is the Fenchel conjugate of My in the duality between Cy and the
space of bounded measures. In addition, for every k < N, we have

cuton) = sup { [ oo =300t} (3.17)

weCo
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Proof. For ([BI6]), we use the first equality in ([3.3) with the change of variables
¢ = 1P — 1, taking into account that ¢ € A is equivalent to 1., < —Mp(y).
For (8I7), it is enough to apply (BI6]) replacing N by k and p by the probability
R
lloll® -
By (BI3), it turns out that the supremum in ([BI0) and (BI7) are unchanged
when they are restricted to nonnegative functions ¢ € Cy. In particular an optimal
potential (if it exists) or any maximizing sequence can be assumed to be nonnegative.

Theorem 3.12. Let p € P— such that ||p|| > 1/N. Let {px} a decomposition such

that
N N
Zﬁpk =P Z ol < 1.
k=1 k=1

Then {pr} is optimal in (28) and ¢ is optimal in BI6) (respectively (¢,) is a
maximizing sequence) if and only if the three following conditions hold:

N
i) Y el =1,
k=1

i1) For all k, ng is optimal (resp. % is a maximizing sequence) in (B.17)

iii) Myp(52) = My(p) (resp. My (pn)—My(*2) — 0) holds whenever it exists
[ <k such that ||p]| > 0.

Proof. For any admissible pair ({px}, @), we have

> Cilpr) > /@dp — My (yp).

Thus the optimality arises as soon the previous inequality becomes an equality. We
compute:

2;@@”_(/¢””‘”“<{): (Cuton) = [ 2o+ 305Dl
# 3 (vt 5D ol 619

+ Mn(p) <1 - HmH) :

By (BI7) and (B.14), we discover that the right hand side of (B.I8) consists of
the sum of three nonnegative terms. Thus the left hand side vanishes if and only
if all these three terms vanish that is to say i), ii) and iii) hold simultaneously.
Note that for iii) we use the monotonicity property ([BI4]) allowing to pass from
index [ to any k > [ and Remark where we noticed that My(¢) > 0 (resp.
liminf, . My(¢,) > 0 in case of a maximizing sequence (¢y,)). O

Remark 3.13. Any optimal ¢ satisfies My (p) > 0 since otherwise, by (BI2), the
inequalities sup p = NM; (%) < NMy(p) < 0 would imply that

aMZ/w@—MMWSUWW—DMM@ZO
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which is excluded since C(p) > 0 if ||p|]| > 1/N (see Proposition B.7). On the same
way, if (¢,) is an optimal sequence, we infer that liminf,, ., My(p,) > 0.

Remark 3.14. Note that, in Theorem BI2, the condition S5, [|ox]| = 1 holds for
any {px} optimal in ([BI0]) since there always exists a maximizing sequence (¢,)
for the dual problem. Next we observe that, if k denotes the integer part of N||p||,
then the equality N||p|| = gil k| px|| and chvzl |p|| = 1 imply that there exist at
least two integers [ < k < [, such that ||p, || > 0. Accordingly the assertion iii) of
Theorem includes all values k > N||p|| — 1.

4. EXISTENCE OF A LIPSCHITZ POTENTIAL FOR THE RELAXED COST

The main result of this Section is the existence of an optimal potential for the
relaxed cost C(p). Such an existence result is already known for ||p|| = 1 under a
suitable low concentration assumption on the probability p (see [3], Theorem 3.6 or
[6] for the sharp constant). More precisely, for every p € P~, we define

K(p) = sup {p({z}) : o € R},
Then if K(p) < %, it is shown in [3] [6] that there exists an optimal continuous
bounded Lipschitz potential u € B. As a preamble, we prove that in fact this
optimal potential u can be chosen in the subclass A, i.e. u is constant at infinity.

Proposition 4.1. Let p € P and let u € B be an upper bounded optimal potential
for p. Then @ := max{u,u™} is still an optimal potential for p. In particular if u is
continuous (resp. Lipschitz continuous), the optimal potential u belongs to A (resp.
to AN Lip).

Proof. 1t is enough to check that @ is admissible which follows from LemmaB.1l [

Now we are going to extend this existence and regularity result to sub-probabilities
under the following assumption on p:

ol <1, 30 >0: C((140)p) < 400 (4.1)

Theorem 4.2. Let p € P~ satisfying @) for a given § > 0. Then there exist a
Lipschitz optimal potential u € Cy @ R solving B3]). The Lipschitz constant of u
depends only on 0. Furthermore any solution to [B.3)) coincides with a Lipschitz one
on the support of p.

Remark 4.3. The finiteness condition in (.T]) is fulfilled in particular if the concen-
tration satisfies K(p) < % Indeed, we may chose ¢ and a smooth density measure
v so that (14 0)p + v is a probability measure with a concentration still lower than
%, thus with finite cost. By applying Corollary B.4] we infer that

C((1+0)p) <C((1+0)p+v)=C((1+0)p+v) < +oo.

The proof of Theorem is quite involved and is given in the remaining part of
this Section. First we need to fix some notations and give some preparatory results
which are collected in the next subsection.



20 GUY BOUCHITTE, GIUSEPPE BUTTAZZO, THIERRY CHAMPION, LUIGI DE PASCALE

4.1. Preliminary results. We recall the expression [BI6) for C(p) that we are
using. The existence of an optimal potential u amounts to find a function ¢ € Cj
such that

Clo) = Inlo) where In() = [ pdp—ix(s) (12)

where we recall

My (p) —sup{ Zcp:pz ) —cn(z, ... xN) xiERd}

We notice that the definition of M ~n(¢) above can be obviously extended to any
upper bounded Borel function. Accordingly we have very useful properties which
are given in the two next Lemmas.

Lemma 4.4. Let ¢ : R — R an upper bounded Borel function and set o>
im sup|, oo (). Then the following inequalities hold:
1

N—1
N SuP Y+ Ts@“’ < My(p) <supg. (4.3)

1 N —1
NSOOO + MNA( <P> < My (). (4.4)
Proof. The inequality My(¢) < sup¢ is trivial. On the other hand, it holds for

every x = (z;) in (RY)":

N
o(r1) 1
My(p) > N +Z‘x1_:€]‘ (NZgoxz cN1x2,...,xN)>
=2

By sending all points z; (with ¢ > 2) to infinity and then taking the supremum in
x1, we deduce the first inequality in (£3). On the opposite, if we send first x; to
infinity and then optimize with repect to all z; with i > 2, we get (4.4 O

A consequence of [3)) is that for elements ¢ € Cif, My () is equivalent to the
uniform norm. In the sequel we will denote

An(g) = My(p) — MNI(N]; 1<p>. (4.5)

By [B14)), we have Ay(¢) > 0 for every ¢ € Cy. Now if ¢ is a nonnegative element
of (y, a every useful recipe in order to show that ¢ belongs to Cy is to verify that

An(p) = 0 (just by applying by ().
Lemma 4.5. Let ¢, : R — R be a family of Borel functions such that

Ont1 = Pns pi=supy, < C,

where C s a suitable constant. Then, for every k € N, it holds
Tim M (pn) = sup My(on) = My().

Proof. Clearly My (pn) < Mi(@ni1) < Mi(p), so that lim,, Mi(¢,) < Mi(p). On
the other hand, as ¢, — ¢ pointwise, we have for every = = (z;) € (R%)*:

k k
o .1
hmnmf My (pn) > hyrln % ; on(x;) — Cr(x) = ; () —

hence liminf,, My (p,) > My(e) by optimizing with respect to x. O
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Next, for every upper bounded Borel function ¢, we introduce the new function:

[Myo|(x) := sup {%Zcp(:pz) —cn(zy, . xy) @ xp =2, (T9,...,xN) € (Rd)N—l}.

By construction, it holds My(y¢) = sup{[Myp|(z) : = € R?}. It turns out that,
for ¢ € Cy, the limit of [My] at infinity is nothing else but My_; (%(p) A key

argument in the proof of Theorem is the introduction of the regularization of ¢
defined as follows:

a) = o)+ N (e (o) D)) (4.6)

It is easy to check that ¢ can be rewriten in the following form

—1

o(x) = inf . {NCN(:E,xQ, R Zcp(xz)} + NMN_1<N Qp) . (47)

Here we used an additional constant in order to preserve the vanishing condition
at infinity (see the Lemma hereafter). The next fundamental Lipschitz estimate
enlights the regularization effect of the map ¢ — .

Proposition 4.6. For every R > 0, there exists a constant yn(R) such that:
{¢ : p€Co ¢ <R} C Lip,,m(RY. (4.8)

Proof. Let ¢ € Cy. Recalling the expression ([LT) for ¢, a preliminary estimate is
the following:

N
inf {NCN(I‘,.CL’Q, CeTN) — Z(p(xl)} <0,
i=2

T2,y IN
which is obtained taking x», ..., x, arbitrarily away from x and from each others.
A more delicate estimate is this: let x € R? and let ¢ > 0. Then there exists
n = n(e) > 0 such that for all Ty, ..., Ty which almost realize $(z) in the sense that
a N-1
Nen(x,Ta,y .., Tn) — Zz;go(fz) + NMN,1< N gp) < px)+e
and
N
NCN(J?,EQ, e ,TN) — Z (p(fz) S g
=2
it holds

|z — 7| > n, i=2,...,N.
Hence the 7;’s need to be at least at distance n from x where 1 does not depends
on z. In fact for all i € {2,..., N},

N
1
so that
_ N
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In particular we may choose n(e) = e+(1\+1)R and for all € € (0,1] we have n(s) >
N
1+(N—-1)R"

We may now make the Lipschitz estimates for ¢. Let x € R? let ¢ < 1 and let y
be such that |y — 2| < ¢ we choose T; for i € {2,... N} which almost realize $(x)
in the sense above. We use the Z; in both formulas for ¢(z) and ¢(y) to obtain

o(y) —o(xr) —e < Nen(y,Ta, ..., TN ng (ZT;) — Nen (2, @a, ..., Ty) +Zcp(§i)
N N;<|y_xz - x_%) NZ|£z_xl|2
N(N - 1)16 (N —1)(1 + (N — 1)R)*16

where the inequality of the second line, holding for a suitable &;, follows from La-
grange intermediate value theorem applied to the functions 1/|-—%;|. This is allowed
since |z — 7;| > n and |x —y| < n/4; in particular |§; —Z;| > 3n/4. From the in-
equalities above one gets a Lipschitz estimate for ¢ in B(z,n/4) with a constant
independent of = that we denote by yx(R). Then, clearly we have a global Lipschitz
estimate with the same constant. 0

Remark 4.7. The second addendum in (7)) is estimated as

N-1 N—1
My (Tw) sup {Z N<p x;) ch(a:Q,...,:cN)} < N R,

.....

which is obtained by the fact that cy_; is positive and ¢ < R. All in all we have
< (N-1R

We conclude this subsection with a crucial technical result.

Lemma 4.8. Let ¢ € Cy, ¢ defined by ([AL8) and Anx(p) defined in (AH). Then
i) ¢ belongs to Cy.

it) The function ¢ = (1 — L) + ~¢ satisfies:
M) = My (S=t). (4.9)
In() = In(p) + (1 = [lpl) An(p). (4.10)
¥ == An(p). (4.11)

Proof. Let us prove i). By Proposition [1.6] we know already that ¢ is Lipschitz
continuous. Owing to (L.6), we have only to show that

lim [Myo|(z) = MN1<N_1g0).

|| —+o00 N
First, as ey (z1, 22, ..., 2Nn) > cy_1(T2, . .. ,xN) we deduce that:
k)< 50+ {5 ted~cvateo0|
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Thus, as ¢ € Cy, we have

. N-1
lim sup[My¢](z) < MN,1< N <p>.
|z|—o0

For the converse inequality, we observe that, for every (zo,...,x,), it holds

[Mye](x —_Z|x—x| Zgoxl —cn_1(me, ... xN).
J

hence the conclusion by sending first |z| to infinity and then optimizing with respect
to xo, ..., TN.

We prove now ). First the lower bound of ¢ given in ([£I1)) is obtained by recalling
that [Myo|(x) < My(¢). Then we infer that:

bla) > pla) + N (M (T 6) = Mil9)) = o(x) — An(o).

In order to show (9]), we observe that, by the definition of function [My ], we have

N

Z[MNQO](ZL‘Z) > Z o(x;) — Ney(ry, e, ..., 2N).

i=1
By applying the definitions of ¢ with ¢ given by (6, it follows that, for every
x = (21, 2,...,2y5) € (R)N:

S 0lwn) = Y pln) + N My (F) = DMl )

(2

—1

N
< NMNA( <p> + Ncn(x)

Therefore

_Zw (x;) —en(z) < My_ 1(N_1cp>

and the inequality M N(w) < My_4 (T‘P) follows by maximizing with respect to
x. The converse inequality holds true since, by (I
N -1
My () 2 My(g) = Aw(p) = My (“—¢).
Eventually we infer also ({I0) as a consequence of ([A3) and ({ZIT]). O

4.2. Proof of Theorem We proceed in several steps.

Step 1. Let § as given by the assumption [AI)). Then there exists R = R(6) > 0
such that:
C(p) = sup {IN(SO) L pE Co(Rda [0, R])} .

Indeed, by [BI3), we have My(¢;) = My(p), thus In(py) > In(p) for every
¢ € Cy. Therefore the supremum of Iy (y) is unchanged if we restrict to ¢ € C .
On the other hand, for every given ¢ > 0, we may restrict the supremum to the
subclass

Ac={peCf : In(p)>C(p) —¢}.
Since

T((1+8)p) = (1+6) / odp— My(p),
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we deduce that, for every ¢ € A., it holds:

J
C((1+0)p) —(1+86)C(p) >0 My(p) —e >  Supy — e
Therefore A. C Cy(R%, [0, R]) for small &, provided

C((1+)p) — (1+)C(p)

> NG

Step 2. For every e > 0, there exists ¢ € Co(RY, [0, NR]) such that
InwW)=C(p)—e,  My() <R,  Lip(¥) <w(NR). (4.12)

The existence of ¢ satifying ([AI2) will be derived after designing a suitable
sequence (u,) in Cp. We start with an element @. € Co(R% [0, R]) such that
In(pz) > C(p) — € as given in Step 1. Then we define a sequence (u,,) as follows:

1 N -1

~

Uy = Pe, Upy1 = Nun + N (I

Applying Proposition [4.8 we get

In(unt1) = In(un) + (1 = [[pl) An(un) (4.13)
Ups1 = Up — An(uy) (4.14)

M () > My (N - lun> — My (). (4.15)

From ([@I3)) follows that Iy (u,) is non-decreasing. Since In(p.) < In(u,) < C(p),
its limit satisfies:

Clp)—e < lim Iy (un) < Clp) . (4.16)

Now we use the condition ||p|| < 1 to infer from (AI3]) that

o0

3 An(un) € —— < +oo.

n=1

Let us denote by €, := >, An(uy) the remainder of the series; we see from ({14
that v,, = u, — ¢, is monotone non-decreasing. Therefore u,, and v,, share the same
point-wise limit w(x) which at least is a lower semicontinuous function. Next we
can derive in a straightforward way a uniform upper bound for the u,, by applying
the monotonicity property ([@IH). Indeed, according to the choice uy = ¢, for the
initial term which satisfies supug < R, we have

1
7 SUP Un < My (upn) < My (up) < R. (4.17)

Then we may apply to (v,) the continuity property on monotone sequences given in
Lemma I3 for k = N — 1 and k = N, noticing that M (u,) = My (v,) + €p:

N -1 N —1
N un)_>MN71< N

MN(un) —)MN<U), MN,1< u) .

It follows that
An(u) = lim Ay (u,) = 0.
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As a consequence of (L4, we deduce that
u™ = limsupu(z) <0.

|x|—00
Next, in order to gain the Lipschitz regularity of u, we are going to apply Propo-
sition to the sequence (u,). By construction, we have @, — u,, = N(tup11 — uy).
Therefore ,, — u, — 0 and 1, — u poitwise on R%. As a consequence of X)) (,)
is equi-Lipschitz with constant y5(NR). By Arzela-Ascoli’s Theorem, it converges
to u uniformly on compact subsets of RY. Its limit u satisfies as well supu < NR
and it is Lipschitz continuous with the constant yy(NR).

Eventually we claim that the function ¢ = u, satisfies the three requirements in
([EI2). Indeed, u*(w) < 0 implies that 1 is an element of Cy(RY%; [0, NR]. It has the
same Lipschitz constant yx(NR). In addition, by Lemma and (LI7), we have
My (V) = My(u) < R. Eventually, by monotone convergence, we have:

lim Iy (u,) = lim/un dp —lim My (u,) = /udp— My (u) = Iy(u),

and the first condition in Claim (£I2) follows from (4.10).

Step 3. There exists a sequence (p,) € Co(R%, [0, R]) and a function ¢ € Co(R%, [0, NR])
with Lip(¢) < yn(NR) such that

On+1 = Pn, In(n) — C(p), sup @, = . (4.18)

By applying step 2 for € = %, we obtain a sequence (10,,) in Cy(R%; [0, NR]) with

a uniform Lipschitz constant vy (NR) and such that Iy(,) — C(p). By Ascoli-
Arzela’s Theorem and possibly after passing to a suitable subsequence, we may
assume that 1, converges uniformly on compact subsets to a Lipschitz continuous
¢ € C(R4 [0, NR]). At this point, we would need also a uniform convergence on the
whole R? in order to conclude that ¢ vanishes at infinity. To avoid this difficulty,
we turn to another sequence in Cy(R?, [0, NR]), namely (p,) defined by

o = inf {¢,, : m >n}.

Clearly the pointwise convergence 1, — ¢ implies that ¢,, converges increasingly to
2 As MN(@n) < MN(d%)v we have

[N<80n> > [N@bn) — Tn, Tn = /(djn - Qon) dp,

where 7, — 0 by dominated convergence. Therefore (¢,,) is a maximizing sequence
for (3.16) and by applying the assertion iii) of Theorem BI2 for & = N — 1 (see
Remark [3.14]), we deduce that

N -1
MN(()O”) — MN_1 (T@n) — 0.
Thus, again by the monotonicity property of Lemma L5l we are led to the equality
N -1
MN(QO) — My_1 (T ) =0

from which follows that ¢ < 0 (see Lemma [4.4]). As ¢ is continuous nonnegative,
we conclude that ¢ € Cy thus ([£IS).
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Concluding the proof. The ¢ constructed in Step 3 obviously satisfies (A.2]). Indeed
the convergence ¢, — ¢ is strong in Cj (as a consequence of Dini’s Theorem on
the compact set R? U {w}) and therefore, recalling that the map My : Cp — R
is Lipschitz continuous (see Lemma BI0)), it holds My (¢,) — My(¢). Thus u =
v — My () is an optimal potential for the dual problem (B.3]). Its Lipschitz constant
is not larger than vy (/NR) given by Proposition .G, being R = R(J) given in Step
1.

Eventually let be v be another solution to (33)). Then v = ¢ — My(p) for an
element @ € Cy solving [@.2). Thanks to ({I0), the function ¢ = (1 — )@ + %gg
introduced in Lemma satisfies:

In(Y) 2 In (1 = [lpll) An ().

(%) +
The optimality of ¢ implies that Iy(¢) = In($) and that Ay () =0, thus ¢ > @
thanks to (@II). It follows that ¥ = ¢ = v holds p a.c., hence on spt(p) by
continuity. As sup@ < R = R(0) by step 1, then My (1)) S My (@) implies that
supy < NR and, by applying(L8]), ¢ is Lipschitz with constant vy (N R) while it
coincides with ¢ on spt(p). O

5. QUANTIZATION OF RELAXED MINIMIZERS

In this Section we focus on the relaxed problem mentioned in the introduction
namely

min{U(p)—/Vdp : peP—} : (5.1)

where V' is a given potential in Cy. Note that the infimum above would blow-up to
—oo if V' is not upper bounded, as for instance in the case of Coulomb potential.
The existence of solutions to (5.I) in P~ is straightforward as we minimize a convex
lower semicontinuous functional on the weakly* compact set P~. On the other hand,
as the minimum in (B.]) agrees with that of

inf{C(p)—/Vdp : pEP}, (5.2)
any solution p € P to (B)) is also a solution to (B.2]) and vice-versa.
We pay now attention to the set of minimizers
Sy={peP : psolves (1)} .

As by (BI6) C(p) agrees with the Fenchel conjugate of My, we may interpret Sy
in the language of convex analysis as the sub-differential of My at V| i.e.

SV:{pGP_ : U(p)—/Vdp+MN(V)§O}.

In particular Sy is a convex weakly® compact subset of P~. Note that in general
Sy is not a singleton as the functional C' is not stricly convex. Besides we observe
that the minimum value of (5.J) is strictly negative unless the positive part of V/
vanishes. Indeed , by considering competitors p such that |[p|| < 4+ (thus C(p) =0
by Proposition B.7)), we have the following estimate

inf {EI)} < —% sup V. (5.3)
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One of the major questions in the ionization problem, as developed for instance
in [12] 13| 211 22] in a much more complex case, is to determine conditions on the
potential V' under which (&) admits solutions in P. We give here a sufficient
condition.

Theorem 5.1. Assume that the potential V' satisfies the condition

N -1
My (V) > MN,1< - v). (5.4)
Then all solutions p to (&) satisfy ||p|| = 1, that is Sy C P. Moreover the supre-
mum defining Myn(V') in B12) is a mazimum.

Proof. Assume that there exists a solution p such that [[p| < 1. Then, as V is
a solution to the dual problem associated with p, we may apply the optimality
conditions derived in Theorem Let {p:} be optimal in (Z.0). Then by Remark
BI14] we know that it exists at least one index | < N — 1 such that ||p] > 0 and
therefore, condition iii) is satisfied for k = N — 1. Thus My(V) = My_1(22V),
in contradiction with our assumption. For the last statement, we consider a point
T € XV (recall that X = RYU {w}) such that:

1 N

My(V) = sup va, ) —en(x) = NZV(E)—EN(:E),

z€(RIHN N i=1

being ¢y the natural upper semicontinuous extension of ¢y to X¥ (see ([Z1])). Such
an optimal Z exists since we maximize an u.s.c. function on a compact set. If the
infimum is not reached in (R%)", that means that T; = w for at least one index i for
instance ¢ = N and we are led to

=

-1

- o _ N —1
My(V) = V(Z;) — cno1(T1, Tay -, Tno) < MN—l( N V) ,
1

(2

in contradiction with (5.4)). O

In view of Theorem Bl a meaningful issue is now to understand what happens
when equality My (V) = My_1(%zV) holds. To that aim it is useful to introduce:

kn(V) = max{k:E{l,2,...,N} : Mk(%v) >M,€_1<k;{1v)}. (5.5)

Here we set by convention My(0) = 0 so that ky (V) is well defined if V* does not
vanish. Otherwise we set ky (V) = 0.
Corollary 5.2. Let V' be a potential V € C; such that:

S :=limsup |z|V(z) > 0.

|x| =400
Then the condition ([54) is satisfied whenever
g > N(N-1). (5.6)

In particular the conclusions of Theorem [51] apply in this case.
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Proof. To help the reader, we begin with a first step assuming that the supremum in
the definition of My _; %V) is reached by a system of N —1 points z1, 9, ... Ty _1
in R? that is

N -1 1=
MN—l( N V) :sz(xi)_CN—l(xla---axN—l)-
=1

Then for every xy, we have:

N—1
Mn(V) > My_ ( V) — — —_— 5.7
N(V) > My N + N ;|$N—$z| (5.7)
Now as (B.0) holds, we can choose |z x| so large to have
Vizy) ~= 1
— — >0 5.8
N Z len — x4 - (5:8)

and (5.4]) follows. This proof can be extended to the case where the N — 1 points
infimum related to My_4 (%V) is not attained in (R?)N~! by considering instead
of N — 1 the index k := ky_1(V) defined by (5.5)). It satisfies:
N—1 N —2 k k—1
M (V) = Mia (T V) == (V) > M ()

(notice that k > 1 since 3 > 0 implies that V' # 0). By applying the last statement
of Theorem BI] with N = k, we deduce the existence of a system of k£ points
Ty, T, ... 05 in R? where k < N — 1 such that

F 1
M,;(NV) =z ZV(%) —cp(Ty, ..o, xp).

i=1

Accordingly the counterpart of the inequality (5.7) is the following

My (V) ZM,C<£V>+ Z Viz;)

N N
k<j<N
1 1
- L I 5.9
D s Bl DI e (5:9)
1<i<k<j<N E<j<I<N

As ([2.9) holds for all z; with j > k and for all z; with [ > j, by sending |x;| — oo
and then |z;| — oo for k < j < N — 1, we are led to

N -1

V) = anw) —a(v) = Sl >

My (V) — MN_l(

which holds for every 2y € R%. The conclusion follows by choosing |z x| so large to
have:

(note that this condition is weaker than (5.8) if k < N — 1). O
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Remark 5.3. As a consequence of Theorem [5.1] we obtain that optimal solutions
belong to P as far as V' is “large” enough. More precisely, if the positive part of
V' does not vanish, then there exists a constant t* > 0 such that for Z > t*, the
potential ZV satisfies (B.4]). Indeed, by applying ([BI3]), we derive that

My (£2V) = My (5522v)
lim

Z—~+00 7

:NsupV>0,

Moreover, if the potential V' is strong enough at infinity, we may even have t* =
0. Indeed by applying Corollary to a potential V' € C satisfying 3 = +oo
(confining potential), we obtain that Sy C P hold for all ¢ > 0. Unfortunately
we do not know in general if the opposite condition ¢ < t* implies that S;y NP
is empty. In Example B.5 we merely show that the latter set is empty if V' has
compact support and t < ¢, for a suitable ¢, < t*

Remark 5.4. The minimization problem (&) can be also studied for potentials
V' possibly unbounded. In fact an important case, which is beyond the scope of
this paper, occurs when lim|;| o V' = —oo. In this case the minimum is reached
on probability measures and we observe that, extending the definition of My to
such potentials, we have a relation with the so called systems of points interactions
theory confined by an external potential (see [15, 19 20]), since

—MN(—NQV) = inf {HN(ZL‘l,I‘Q, .. ,{L‘N) T x; € Rd}

where H is of the form

N
Hy(z1,22,...,oN) = Z Uz — z4]) + NZV(%)-
1<<i<j i=1
In such a setting, the asymptotic limit as N — oo is one of the main point of interest
of the mathematical physics community.

Ezample 5.5. (Non existence of an optimal probability) Let V € Cf with compact
support and let R > 0 such that spt V' C Bg. Then it easy to check that any solution
p to ([LI) such that [|p[| = 1 must satisfy as well spt p C Bg. Indeed, otherwise we
can move away the part of such a p which lies outside B letting [V dp invariant
and making C(p) decrease. For instance we may consider p' = T%#(p) where

T(x) = kp(|a)z  with kp(z) = max{l, %}
For such a map we have [Tz —Ty| > |2 — y| with strict inequality whenever (z,y) ¢
B2, so that C(p') < C(p) unless spt p C Bg.

Next by applying a lower bound estimate for C'(p) in term of the variance of p
(see Prop 2.2 in [2]), we infer that:

N(N—1) _ N(N -1
c(p) > MY MEZL
44/ Var(p) 4R
On the other hand, by (5:3) and as p is optimal, it holds C(p) < (1 — +)sup V.

Therefore a solution in P cannot exist unless the following lowerbound holds for
sup V:

2

1R S sup V.
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This necessary condition applies of course if we substitute potential V' with ¢V and
we deduce that S;y NP is empty whenever ¢ < ¢, where
N2
ty = ———.
4R sup V'

We are now in a position to state the quantization phenomenon we have announced
in the Introduction. For every non-vanishing V' € Cj, we define:

In(V):=min{|p| : p€Sv}. (5.10)

The minimum in (5.I0) is achieved by the weak™ lower semicontinuity of the map
p — ||p|l and optimal p represent elements with minimal norm in Sy On the other
hand, Zy (V') depends only on the positive part of V ie. Zy(V) = Zn(VT).

Theorem 5.6. Let V € Cy, N € N* and ky (V) given by (5.5). Then
kn (V)

N
As a consequence, the map V € Cy— In(V) ranges into the finite set

k
—  0<k<N .

Proof. First we observe that the result is trivial if ky (V) = 0. Indeed in this case,
V* = 0 implies that the minimum in (5.1]) vanishes. The minimal set is then reduced
to p = 0 and Zy(V) = 0. We may therefore assume that ky(V) > 1. To lighten
the notations, let us set now & := ky(V). First we show that Zy (V) < k. By (&),
we have that Mk( V) > Mk_l( V) while, recalling the monotonicity property
[BI4), it holds My(L£V) = MN(V) for every k > k. Let us apply Proposition G.1]
taking instead of C' = Cy the k multi-marginal energy and choosing kV/N as a
potential. Therefore it exists a probability pz such that:

Crpor) — % dp = _Mk(k;]/>
Then we claim that p := £p; solves (50)) (i.e. belongs to Sy). Indeed, by [Z8), we
have:

IN(V) =

%

Tlp) - / Vip < Cuton) — [ oy = 2, (BX) = —aay (v

As the mass of p is exacly k/N, we infer that Zy (V) < k/N.

Let us prove now the opposite inequality. Let p € Sy and let {p;} be an optimal
decomposition for p according to (2.4, with

Yk
p= Z N PR
k=1

By the optimality conditions of Theorem B.12] it holds M, k( K V) My (V ) whenever
llpk|| > 0. Then we observe that the latter equahty cannot hold for k < k—1. Indeed,
by the monotonicity property (3.14)):

Mk<%v> < Mkl(%@ < Mk(%ﬁ — My (V).
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Therefore we have py = 0 for every k < k — 1. Thus recalling that >, ||px]| = 1 by
the optimality conditions (assertion i) of Theorem BI2):

>k ke k
= — > — > —,
loll = > S llowll = 5 > llewll >
k=F k=Fk
Accordingly we obtain the opposite inequality Zy (V) > k/N. O

Remark 5.7. The functional V' € Cj — Zx (V) is lower semicontinous with respect
to the uniform convergence. Indeed if V,, — V uniformly and if we take p, € Sy,
such that ||p,|| = Zy(V,,), then any weak™ limit p of a subsequence of (p,) is such
that p € Sy and

In(V) <|lpll < liminf || p,| = liminf Zy (V).

In general the potential V' depends on several charge parameters and takes the
form

V()= ZiVi(z) Zp>0.

It is then interesting to analyse the function

Tn(V) = Tne( i 74 Vi)

as a function depending on the Z;’s. It turns out that this question is a very
delicate one which will motivate future works. In case of a single charge parameter
Z > 0 applied to a given potential V € Cf, it is natural to expect that the map
Z € RY — In(ZV) is a non-decreasing step function encoded by threshold values
0=ty <ty <+ <ty <typ1 = —+oosuch that Zy(ZV) = £ for Z € (tx, tpt).
At present a proof of this fact is available only in the case N = 2 where it is a
consequence of the fact that the set {Z > 0: My(ZV/2) > M(ZV) = ZsupV'} is
an half line.

Acknowledgements. This paper has been written during some visits of the
authors at the Departments of Mathematics of Universities of Firenze and of Pisa,
and at the Laboratoire IMATH of University of Toulon. The last part of the work
was completed during the visiting fellowship of the first author to CRM-CNRS
Laboratorio Fibonacci in Pisa. The authors gratefully acknowledge the warm hos-
pitality and support of these institutions. The work of the second author is part
of the PRIN project Gradient flows, Optimal Transport and Metric Measure Struc-
tures (2017TEXA3H), funded by the Italian Ministry of Education and Research
(MIUR). The work of the fourth author is partially financed by the “Fondi di ricerca
di ateneo” of the University of Firenze. The second and fourth authors are members
of the research group GNAMPA of INdAM.

REFERENCES

[1] U. BinDINI, L. DE PASCALE: Optimal transport with Coulomb cost and the semiclassical
limit of density functional theory. J. Ec. Polytech. Math., 4 (2017), 909-934.



32 GUY BOUCHITTE, GIUSEPPE BUTTAZZO, THIERRY CHAMPION, LUIGI DE PASCALE

2]

13l

4]

1]

16]
7]

18]

19]

[10]
[11]

[12]

[13]
[14]
[15]
[16]
[17]
[18]
[19]
[20]
21]
22]

23]

G. BoucHITTE, G. BurTAazZO, T. CHAMPION, L. DE PASCALE: Dissociating limit in
Density Functional Theory with Coulomb optimal transport cost. Preprint, available at
http://cvgmt.sns.it/and at http://www.arxiv.org.

G. Butrrazzo, T. CHAMPION, L. DE PASCALE: Continuity and estimates for multi-
marginal optimal transportation problems with singular costs. Appl. Math. Optim., 78 (1)
(2018), 185-200.

G. BurTazzo, L. DE PAscALE, P. GORI-GIORGIL: Optimal-transport formulation of elec-
tronic density-functional theory. Phys. Rev. A, 85 (2012), 062502 1-11.

H. CHEN, G. FRIESECKE, C.B. MENDL: Numerical methods for a Kohn-Sham density
functional model based on optimal transport. J. Chem. Theory Comput., 10 (2014), 4360
4368.

M. CoLoMBO, S. DI MARINO, F. STRA: Continuity of multi-marginal optimal transport
with repulsive cost. Preprint 2019. Available at http://cvgmt.sns.it/paper/4190/.

C. COTAR, G. FRIESECKE, C. KLUPPELBERG: Density functional theory and optimal trans-
portation with Coulomb cost. Comm. Pure Appl. Math., 66 (4) (2013), 548-599.

C. COTAR, G. FRIESECKE, C. KLUPPELBERG: Smoothing of transport plans with fized
marginals and rigorous semiclassical limit of the Hohenberg-Kohn functional. Arch. Ration.
Mech. Anal., 228 (3) (2018), 891-922.

C. CotaRr, M. PETRACHE: Next-order asymptotic expansion for N-marginal optimal
transport with Coulomb and Riesz costs. Adv. Math. (to appear), preprint available at
http://www.arxiv.org

L. DE PASCALE: Optimal transport with Coulomb cost. Approzimation and duality. ESAIM
Math. Model. Numer. Anal., 49 (6) (2015), 1643-1657.

S. D1 MARINO, M. LEWIN, L. NENNA: Paper in preparation and Personal Communication.
2019.

R.L. FrRANK, P.T. NaM, H. VAN DEN BOSCH: A short proof of the ionization conjecture
in Miiller theory. In “Mathematical problems in quantum physics”, Contemp. Math. of Amer.
Math. Soc., 717 (2018), 1-12.

R.L. Frank, P.T. NaMm, H. VAN DEN BoscH: The ionization conjecture in Thomas-
Fermi-Dirac-von Weizsacker theory. Comm. Pure Appl. Math., 71 (3) (2018), 577-614.
H.G. KELLERER: Duality theorems for marginal problems. Probability Theory and Related
Fields, 67 (4) (1984) 399-432.

T. LEBLE, S. SERFATY: Large deviation principle for empirical fields of Log and Riesz gases.
Invent. math. (2017) 210:645D757.

M. LEWIN: Semi-classical limit of the Levy-Lieb functional in Density Functional Theory.
C. R. Math. Acad. Sci. Paris, 356 (4) (2018), 449-455.

M. LewiN, E.H. LiEB, R. SEIRINGER: Statistical mechanics of the Uniform FElectron Gas.
J. Ec. Polytech. Math., 5 (2018), 79-116.

E.H. LIEB: Density functionals for Coulomb systems. Internat. J. Quantum Chem., 24 (3)
(1983), 243-277.

S. SERFATY: Systems of points with Coulomb interactions. Eur. Math. Soc. Newsl. No. 110
(2018), 16D21.

M. PETRACHE, S. SERFATY: Next order asymptotics and renormalized energy for Riesz
interactions. J. Inst. Math. Jussieu 16 (2017), no. 3, 501D569.

J.P. SoLoVEJ: The ionization conjecture in Hartree-Fock theory. Ann. of Math., 158 (2)
(2003), 509-576.

J.P. SOLOVEJ: Proof of the ionization conjecture in a reduced Hartree-Fock model. Invent.
Math., 104 (2) (1991), 291-311.

C. VILLANI: Topics in optimal transportation. Graduate Studies in Mathematics 58, Amer-
ican Mathematical Society, Providence (2003).

Guy Bouchitté: Laboratoire IMATH, Université de Toulon

BP 20132, 83957 La Garde Cedex - FRANCE
bouchitte@univ-tln.fr
https://sites.google.com/site/gbouchitte/home


http://cvgmt.sns.it
http://cvgmt.sns.it/paper/4190/
http://www.arxiv.org

RELAXED MULTI-MARGINAL COSTS AND QUANTIZATION EFFECTS 33

Giuseppe Buttazzo: Dipartimento di Matematica, Universita di Pisa
Largo B. Pontecorvo 5, 56127 Pisa - ITALY
giuseppe.buttazzoQunipi.it
http://www.dm.unipi.it/pages/buttazzo/

Thierry Champion: Laboratoire IMATH, Université de Toulon
BP 20132, 83957 La Garde Cedex - FRANCE
champion@univ-tln.fr

http://champion.univ-tln.fr

Luigi De Pascale: Dipartimento di Matematica e Informatica, Universita di Firenze
Viale Morgagni 67/a, 50134 Firenze - ITALY

luigi.depascale@Qunifi.it

http://web.math.unifi.it/users/depascal/


http://www.dm.unipi.it/pages/buttazzo/
http://champion.univ-tln.fr
http://web.math.unifi.it/users/depascal/

	1. Introduction
	2. The relaxed multi-marginal cost
	2.1. A compact framework for the relaxed cost
	2.2. Stratified representation of the relaxed cost

	3. Dual formulation of the relaxed cost
	3.1. A weak formulation for dual potentials 
	3.2. Optimality primal-dual conditions 

	4. Existence of a Lipschitz potential for the relaxed cost
	4.1. Preliminary results
	4.2. Proof of Theorem 4.2

	5. Quantization of relaxed minimizers
	References

