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KANTOROVICH-RUBINSTEIN DUALITY THEORY FOR THE HESSIAN

KAROL BOLBOTOWSKI AND GUY BOUCHITTE

ABSTRACT. The classical Kantorovich-Rubinstein duality theorem establishes a significant connection
between Monge optimal transport and the maximization of a linear form on the set of 1-Lipschitz
functions. This result has been widely used in various research areas, in particular, to expose the bridge
between Monge transport theory and a class of optimal design problems. The aim of this paper is to
present a similar theory when the linear form is maximized over all real C1>! functions whose Hessian
is between minus and plus identity matrix. It turns out that this problem can be viewed as the dual
of a specific optimal transport problem. The task is to find a minimal three-point plan with the fixed
first two marginals, while the third one must be larger than the other two in the sense of convex order.
The existence of optimal plans allows to express solutions of the underlying Beckmann problem as
a combination of rank-one tensor measures supported by a graph. In the context of two-dimensional

mechanics, this graph encodes the optimal configuration of a grillage that transfers a given load system.

Keywords: Hessian-constrained problem, Monge optimal transport, tensor valued measures, duality,
second-order Beckmann problem, convex order, stochastic dominance, optimal grillage.
2020 Mathematics Subject Classification: 49J45, 49K20, 28A50, 74P05

1. INTRODUCTION

The classical Kantorovich-Rubinstein duality theorem plays a fundamental role in Monge optimal
transport theory. In the Euclidean framework, this theorem states that, for given probability measures

u, v on R? with finite first-order moments, the Monge-Kantorovich distance

Wilp) = int { [[ e = sl taod) 5 €T}

coincides with the maximum in the following linear programming problem
Zi(f) = sup {/udf s ue CONRY), lip(u) < 1} (1.1)

for the signed measure f = v — u. Above, I'(i, v) stands for the set of probability measures on R% x R¢
whose first and second marginals coincide with x4 and v, respectively.

The equality Wi (u,v) = Z1(f) is the key point to justify a PDE approach to the optimal transport
problem. Moreover, it allows to interpret the Monge distance as the total variation of an optimal vector

measure o € M(R?% R?) which solves the Beckmann’s problem:

min{/|a| : —diva:f}.
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2 KANTOROVICH-RUBINSTEIN DUALITY THEORY FOR THE HESSIAN

It turns out that problems of Beckmann type as above are directly connected to a class of optimal design
problems where the unknown measure o is associated to the heat flow in a conductor or the stress in a
mechanical structure once they are subject to a given source f. This bridge was exposed in the year 1997
in the case of the compliance minimization problem for the scalar heat equation [6], further extended to
the vector case of elasticity in [5]. The geometrical insights of the OT interpretation (through geodesics,
transport rays) were very illuminating, as they allowed to derive the solutions to Beckmann’s problem
from the optimal transport plans v using the decomposition formula:

o= //w/ (dady), ATV = ‘z - i‘ HL [z, y). (1.2)

In particular, it follows that that any optimal measure o is supported on the convex (geodesic) envelope

of the support of f.

In view of recent applications, there is now a strong motivation to look for possible extensions of the
Kantorovich-Rubinstein duality principle. Such a question could be formulated as follows. Let A be a linear
differential operator on smooth vector-valued functions u : Q@ € R? — R™ such that Au : Q — R™ x R?,
and for p take a semi-norm on real n x d matrices. Is there an optimal transport formulation that we can

exploit to address the following maximization problem:
sup {<f, W) ue C®(RLRY), o(Au) < 1in Q} (1.3)

where € is a domain in R%, and f is a suitable source term supported on Q? By classical duality, the

supremum above can be written as the infimum in a Beckmann-type problem:
min{/go(a) : Ao =f in (D’(Rd))n, spo CQ} (1.4)
where 0° is the polar of g given by

0°(S) =sup {(5,Q) : 0(Q) <1}. (1.5)

In the Rubinstein-Kantorovich framework, f is a scalar measure (n = 1), g is the Euclidean norm and
A is the gradient operator. In order that the supremum (1.3) is finite, f must be balanced, that is yp = f
and v = f_ must have the same mass. Note that if £ is not convex, the Euclidean distance appearing in
the definition of Wi (p, v) should be replaced by the geodesic distance induced by €. For a detailed study
see [5] where many explicit examples are given.

When A is no longer the gradient operator, there are very few results suggesting a possible optimal
transport approach. In the recent work [3], the present authors put forward a formulations where the
Monge-Kantorovich distance emerges and is maximized with respect to a suitable class of metrics d(z, y)
on €. Therein, the potential u is a pair (v,w) : Q — R% x R, and the non-linear operator (v,w)
e(v)+ %Vw ® Vw plays the central role. This operator defines the strain tensor in the Foppl’s membrane
model [9], rendering the formulation of [3] an optimal membrane problem. Despite the non-linearity, the
problem admits the form (1.4) upon the right choice of A and p. Prior to the paper [3], an attempt to treat
the case where A is simply the symmetric gradient (i.e. Au = e(u) for u : Q — R%) was undertaken in [8]
with the initial motivation that the associated Beckmann-type problem is a measure-theoretic relaxation
of the famous Michell problem. However, to our knowledge, the bridge with optimal transport in this

case has not yet been established and challenging open problems remain.
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The aim of the present paper is to provide an optimal transport approach in the case of the Hessian
operator Au = V2u and with o being the spectral norm. We will limit ourselves to the case when = R?,
and we will assume that f is a measure, more accurately f = v — u for two probabilities u, v. The special

choice of ¢ makes it possible to rewrite (1.3) as the second-order counterpart of (1.1):

Z(f) == sup{/udu — /udu s uwe CHYRY), lip(Vau) < 1}. (1.6)

It turns out that the supremum Z(f) is finite and attained if p and v have finite second-order moments,
i.e. p,v € Po(RY), and a common barycentre [1z] = [v]. This way Z(f) defines a distance between y and
v. We should point out that similar distances (called ideal metrics) were introduced years ago by V.M.
Zolotarev [25] with the aim of studying continuity and stability of stochastic models in probability theory.

Under the foregoing assumptions on the data u,v, we will see that the classical duality theory leads

to a well-posed second-order Beckmann-type formulation:
Z'(f) = min{/go(a) © o€ MR8 divie =v—p in D'(Rd)}. (1.7)

and to the equality Z(f) = Z'(f). Here ¢° is the Schatten norm on symmetric tensors S € S9*¢

given
by 0°(9) = Z?Zl I\ (S)|, and [ ¢°(c) is intended in the sense of convex one-homogeneous functionals on
measures [13]. By adapting classical methods, optimality conditions involving pairs (u, o) can be derived,
even in the case of singular measures o and for general semi-norms ¢. For a detailed study we refer for
instance to [7] where optimal design problems for plates are considered.

The main novelty of the paper is a connection between the pair (1.6), (1.7) and a new three-marginal

optimal transport problem. Let us introduce the cost function defined for the triples (z,y,2) € (R%)? by

olw,9,2) = 5 (I — ol + 12 ) (1.8)

and look for probabilities 7 € P2 ((R%)3) (three-marginal transport plans) solving:

T(uv) = inf{ /// oy, 2) wldadydz) : 7€ z(u,y)}, (1.9)

where (11, ) denotes the subset of Pa((R9)3) consisting of 3-plans m whose first and second two marginal

agrees with, respectively, u and v, and which satisfy the following equilibrium equations:

] = .2 wtasdudz) = [J] 2~ v 0w w(andyaz) =0 L.10)

for any smooth test functions ®, ¥ : R? — RZ. As will be seen later, these relations have a natural
interpretation in probability theory (convex order) as well as in mechanics (equilibrium condition for a

plate in the bending regime). The main result of the paper can be summarized as follows:

Theorem 1.1. Assume p,v € Po(R%) sharing the barycentre [u] = [v], and let J(u,v) be defined by
(1.9). For f = v — u the value Z(f) is given by (1.6). Then:

(i) the equality
() = T(w.v) (L.11)

holds true, while there exist optimal pairs (u,m) solving (1.6) and (1.9), respectively;
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(ii) an admissible pair (u, ) is optimal if and only if the following three-point equality is satisfied 7-a.e.,
with ¢ defined by (1.8),

[u(y) + (Vu(y), z — y)] — [u(z) + (Vu(z), z — z)] = c¢(z, y, 2) for m-a.e. (z,y,2). (1.12)

It is worth noticing that the equality (1.12) is in close relation with the admissibility of « in (1.6).
Indeed, following [2], the condition lip(Vu) < 1 is equivalent to the the existence of a continuous vector
function ® : R? — R< such that:

[u(y) + (®(y), z — y)] — [u(z) + (D(x),2 — )] < e(w,y,2)  V(z,y,2) € (R (1.13)

In addition, the inequality (1.13) can be satisfied only for ® = Vu.

As a consequence of Theorem 1.1, we derive the tensor counterpart of the decomposition (1.2) that was
valid in the first order gradient case. We show that the optimal measures for the second-order Beckmann
problem (1.7) can be decomposed to rank-one tensor measures supported on a network of polygonal lines.
More precisely, let us define for any triple (z,y, z) the following measure valued in the space of symmetric

tensors, i.e. an element of M(R¢; S4*?):

o (d€) = I€ — 2| (07 (dg) — " (dg) ), (1.14)

where we have set

b—a b—a
ab.— g ! . 1.
b= al & b= al L [a, b] (1.15)

Then, ™% (see Fig. 1) is supported on the set [z, 2] U [z, 3], while div’e™¥* = f®*¥* where
foYE =6, — 6, —div((z —y) 6, — (2 — ) &,) (1.16)

includes a first-order distribution term. An important observation is that o®¥# solves (1.7) for f = f*¥#
with the equality Z(f*¥*) = ¢(z,y, z) provided that z belongs to the ball B(*Y, L;y\) (see Proposition

4.6). Accordingly, our strategy for solving (1.7) for f = v — u is to search for optimal tensor measures o

o= /// o™V w(dzdydz)

where 7 is a suitable three-marginal plan, see the convention (1.21) below. If we restrict ourselves to those

in the form:

7 which admit p, v as first and second marginals, then the differential constraint divie = [ fov=dr =

v — p corresponds exactly to the admissibility condition = € X(u, v) which appears in (1.9).
Corollary 1.2. Let T be an optimal plan for (1.9). Then,

(i) the tensor measure & = [[[ c™¥* T(dxdydz) solves the second-order Beckmann’s problem (1.7) for
f=v—m

(ii) let 7 := Hf;(ﬁ) be the marginal of T with respect to the first two variables, and let T be any solution

of (1.6). Then, for any T-integrable test function p : (R?)? — R, we have the disintegration formula:

///‘pdﬁ://‘P(xv%zﬂ(ﬂ%y))i(dxdy)

z+y n Vu(y) — Vu(z)
2 2 '

where

zg(x,y) = (1.17)
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As a result, the optimal measure T is supported on the closed subset

B(sp u,spv) := U{B(x—;y, |$;y|> : (z,y) Espu % spy}. (1.18)

We observe that, in the first-order gradient case, a geometric bound on the support of any optimal
measure can be recovered from (1.18) if we replace the ball on the right-hand side by the line segment
[z,y]. In contrast, in the Hessian case, a larger set is needed to cover the support of possible optimal
measures. Thus, we refute the conjecture in [7] where, assuming mild conditions on the norm ° entering
(1.7), it was suggested that optimal measures are supported on the convex hull of the source f.

The proof of Theorem 1.1 relies on an unexpected connection between our three-marginal optimal
transport formulation (1.9) and optimization under the convex order dominance conditions. This link
rests upon the following observation. The existence of a 3-plan m € X(u, v) which admits p as the third

marginal is equivalent to the conditions of convex order p =. u, p =, v, that is:
/<pdp > max {/(pdu, /cpdy} for all convex ¢ : R? — R. (1.19)
Theorem 1.3. Let p,v € Po(R%) be probability measures satisfying [u] = [v], and set:
V(u,v) = inf {var(p) CpE€PARY), prop, pe 1/}, (1.20)
where var(p) is the variance of p.

(i) The following equality holds true:

var(u) + var(v)
—

Moreover, an admissible 3-plan m € X(u,v) is optimal for (1.9) if and only if its third marginal p is a

j(ny):V(M>V)_

minimizer in (1.20).

(i) The infimum in (1.20) is achieved. Moreover, to any minimal p we can associate at least one 3-plan

7 that solves (1.9) and whose three marginals are p,v, and p, subsequently.

Here, several comments are in order. First, let us explain how the assertion (i) will eventually facilitate
the proof of the central equality (1.11). With f = v — u, we shall prove the relation between Z(f) and
V(u, v) passing through a duality result (Proposition 3.3) which allows to identify V(u, v) as the supremum

in the following auxiliary problem:

V' (u,v) := sup {/(pdqu /1/1d1/ . @,1 are CH! convex functions, ¢+ < |- |2}

Subsequently, the relation between V' (u, v) and Z(f) comes out directly through manipulations on convex
functions, see Proposition 3.5.

On another note, the construction of an optimal plan 7 announced in the assertion (ii) will use two
martingale optimal transports: one between p and p, and the other between v and p. Their existence fol-
lows from the classical theorem of Strassen. An optimal 7 can be then constructed via a gluing argument,
see the statement and the proof of Lemma 3.13. In general, it is not unique.

Let us point out that the problem (1.20) falls within a larger class of stochastic optimization problems
under dominance constraint, for which there exist many applications in mathematical finance, statistical

decision theory, or economics. See, for instance, the recent papers [10], [20], [24].
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z

T

FIGURE 1. The tensor measure o%¥7; density with respect to H! L ([z,z] U [2,y]) is

illustrated. Blue and red indicate the positive and the negative part, respectively.

We close this introduction with a comment about the close relation between the results presented in
this paper and an optimal design problem in mechanics when d = 2. Any measure o € M(R%; S?*2) that
satisfies the equation div?e = f represents a bending moment tensor in a plate that is subject to a load
[ If the measure o is of the form [[[ o®¥*dr, we speak of a grillage — a particular plate that decomposes
to straight bars. The bars exhibit linearly varying rank-one bending moments, see Fig. 1 demonstrating
the basic two-bar measure c™¥?. A natural issue studied in the literature [22, 21, 4] consists in finding an
optimal configuration of the grillage, i.e. a coupling 7 that minimizes a certain total energy functional. To
date, however, the existence result was not available, and neither were the criteria for the finite support
of 7, which corresponds to practical designs in the form of finite systems of bars.

In this work we show that, when the load f is a measure, an optimal grillage can be recast by solving
the new three-marginal optimal transport formulation (1.9). Moreover, a finitely supported optimal 3-
plan 7 can be selected provided that f is also finitely supported. As a byproduct, we get the bound
B(sp f+,sp f—) on the support of the associated tensor measure &. It should be noted that, despite
a similarity to the optimal grillage problem, there is no such OT reformulation for the more popular
optimal truss problem. In fact, it has been known for 120 years that optimal trusses do not exist even
for the simplest load data [17]. In this case, a relaxation in the form of the famous Michell formulation
[8, 16] is essential. On top of that, a geometric bound on the support of its solutions is still pending.

Finally, we stress that our results concerning optimal grillages do not immediately extend to the case
of a source f containing a first-order distribution term, or to the case when the support of the induced
stress @ is confined within a given domain © C R?. Such extensions are beyond the scope of this paper

and are worthy of future study.

The paper is organized as follows. In the preliminary Section 2 we adapt the classical duality theory
to show the no-gap equality (1.7) as well as the existence of an optimal pair (u,o). Besides, in view
of the forthcoming connection with the stochastic optimization, we give a short background on convex
order and its relation with martingale transport. The Section 3 is devoted to the proofs of Theorem 1.1,
Corollary 1.2, and Theorem 1.3. In Section 4, we give a series of examples where optimal configurations
are determined explicitly. The final Section 5 is devoted to the underlying 2D optimal design formulation.

Numerical examples of optimal grillages are given and discussed along with the related open questions.

Acknowledgements. The first author would like to thank the Laboratoire IMATH, Université de Toulon
for hosting his visit in June 2022. The second author was partially supported by the French project
ANR-23-CE40-0017. Both authors are grateful to the Lagrange Mathematics and Computing Research
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Notations. Throughout the paper we will use the following notations.

The Euclidean norm of z € R? is denoted by |z|.

By S%*9 we shall denote the space of d x d symmetric matrices, while SiXd will be its subset whose
elements are positive semi-definite. Given A, B € S we will write A < Bif B— A € Sﬁerd.
Moreover, TrA stands for the trace of A, while Id is the identity matrix.

For natural k € NU{+o00}, C¥(R?) is the spaces of functions on R? that are continuously differentiable
up to order k, while Vu and V2u are the gradient and the Hessian of a function v € C'(R?) and
u € C?(RY), respectively. Moreover, Co(R?) C C°(R?) denotes the subset of continuous functions
that vanish at infinity.

D(R?) denotes the space of C°° functions that are compactly supported, and D’(R?) is the space of
distributions on R? (the dual of D(R?)).

For a function v : R — R™, lip(v) stands for the Lipschitz constant equal to SUP,, 4, W

By C%}(R?) (resp. C11(R?)) we understand the Banach space of these functions u € C°(R?) (resp.
u € CH(RY)) for which lip(u) < 400 (resp. lip(Vu) < +00).

For a natural k, W™ (R?) is the space of functions u that belong to the Sobolev space W*>(Q)
for any pre-compact domain  C R%. For u € VVlifo (R9), the weak Hessian is denoted by V2u.

M (R9) denotes the space of Borel measures on R? with values in [0, 4+oc]. The Banach space of
Borel measures valued in a finite dimensional normed vector space E is denoted by M(R%; E). In
addition, we agree that M(R?) := M(R% R).

The topological support of u € M(R?; E) is denoted by sp 1, while ul_ A is the restriction to a Borel
subset A C R%. By the symbol p < v one understands the absolute continuity of a measure p with
respect to v € M, (R?).

For a measure g and a p-measurable map T, by T#(u) we understand the push forward, i.e.
T#(u)(B) := u(T~(B)) for every Borel set B.

PR := {pu € M4 (RY) : u(R%) = 1} is the set of probabilities on R

For v € P(R?x...xR%) on the product of n ambient spaces, by Vi, ... x,, we understand the marginal

.....

Hﬁ’_”,km (v) where, for m < n, Il , is the projection onto the coordinates ki, ..., k.
Assume € M (R™) and a map ¢ — A* € M(R™; E) that is py-measurable in the sense that
x +— A%(A) is p-measurable for any Borel set A C R™. Provided that [ |A\%|(R?) u(dz) < +o0, we

will use the notation
v= /)\xu(dx), y=pu® A (1.21)

to define measures v € M(R™; E) and v € M(R"™ x R™; E) that satisfy

)= [ ntan). A8 = [ ([t ua)

for every Borel sets A C R™ and B C R™ x R™, where xp is the characteristic function of the latter.
[11] stands for the barycentre of a probability u € P(R?) of finite first-order moments, whilst var(u) :=
[ |z = [u]*u(dx) is its variance.



8 KANTOROVICH-RUBINSTEIN DUALITY THEORY FOR THE HESSIAN

e v =, denotes the convex order between two probability measures p, v € P(R?) of finite first-order
moments.

e 1% v stands for the convolution of two probabilities u, v € P(R?).

e (-, -) shall be used to denote a canonical scalar product in a finite dimensional space of vectors or
matrices, whilst in the case of infinite dimensional spaces it will stand for the duality bracket.

e The double distributional divergence div? of a matrix measure o € M(R% S?*?) is an element of
D'(R?) that is defined as follows:

div’ie = f in D'(RY) & /<V2<p,a> = (¢, f) V¢ € D(RY). (1.22)

e Given a tensor-valued measure o € M(R%;8%*9) [ p9(c) will denote the integral in the sense of the

Goffman-Serrin convention [13], namely,

/po(ff) = /p@g) do

where 6 is any non-negative Radon measure § € M (R?) such that ¢ < 6. Due to the one-

homogeneity of p°, the above expression does not depend on 6.

2. PRELIMINARIES

2.1. The classical duality framework. The duality theory involving the linear constraint problem
Z(f) in (1.3) and the general Beckmann’s formulation (1.4) is well understood in the case of the Hessian
operator as far as (2 is a bounded domain of R? and when g is any norm on S?*¢ (see for instance [7]).
Since we are concerned with the case = R?, some specific functional spaces are needed for proving
the existence of solutions and for using suitable duality arguments. Therefore, in addition to the general

notations already given in the introduction, for p > 1 we introduce the following Banach spaces:

- M,(R%), the space of Borel signed measures p on R? such that ||ul, :== [(1 + |z|P) |u|(dz) < +oc.
Then, P,(R?) denotes the subset of M, (R%) consisting of probability measures with finite p-moment.

The definition extends naturally to ./\/lp(Rd; E), where F is a finite dimensional normed vector space.

- X, (R?), the set of continuous functions u € C°(R?) such that [|u|x, := sup 1|i(\?|1" < +400. The closed

% = 0, is a separable Banach space.

A pairing between X,(R%) and M,,(R?) is defined by (u, ) = [p. udp. Noticing that X, o = ﬁ Co, it
is easy to see that the topological dual of X, o can be identified with M, (R) through this duality bracket.

subspace X, o, consisting of those u such that lim, o

As a consequence of dominated convergence, we have a useful convergence criterium for a sequence (vy,)

in X,(R%), namely:

sup [lvnllx, < +oo and  lim v,(r) =0 Vze R¢ = (U, 1) =0 Y€ My(RY. (2.1)

n—oo

The next result applies to general first order distributional source terms of the kind f = fo — divF,

where (fo, F) is any pair in Ma(R%) x M;(R% R?) such that the following balance condition is met:

/f0:0, /xfo+/F:0. (2.2)
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The two conditions mean that f is orthogonal to affine functions, which is clearly necessary for the

finiteness of (1.6), namely,

Z(f):= sup{(u, f):uwe CHY(RY), lip(Vu) < 1} )

We recall the dual problem (1.7) (the second-order Beckmann’s formulation):
'(f) = inf{/go(cr) Do € MRS divio = f in D/(Rd)},
where [ 0°(c) is intended in the sense of convex one-homogeneous functionals on measures [13].

Proposition 2.1. Assume that f given as above satisfy (2.2). Let o be any norm on S and o° its
polar defined by (1.5). Then, the supremum in (1.6) is reached. Furthermore, the infimum in (1.7) is a

minimum, and we have the equality:

I(f) =T'(f)- (2.3)

Proof. We begin by proving the existence of a maximizer for Z(f). By the orthogonality conditions (2.2),

we may restrict the supremum to functions u belonging to the subset
Ky = {u e CLHRY) : lip(Vu) < 1, u(0) = 0, Vu(0) = o}.

Let (u,) be a maximizing sequence in Ky. Then, |u,| < %|z|?, |Vu,| < |z|. By applying Arzela-Ascoli
compactness theorem, we can assume that (u,, Vu,) — (u, Vu) uniformly on compact subsets, where u
is a suitable element of K. To prove that u is optimal, we only need to check that (u,, f) — (u, f), which,

due to the particular form of f, reduces to showing that
(un, — u, fo) — 0, (V(up —u), F) — 0.

Let v, = u, — u. Then (v,Vv,) — (0,0) pointwisely, while |v,| < |z|?> and |Vv,| < 2|x|. Therefore,
(Vn, Vu,,) is bounded in Xo(R?) x X;(R%), and the convergence criterium (2.1) applies.

The existence of a minimal o on the right hand side of (2.3) follows from the direct method. Indeed,
the convex functional o € M(R%; 84*?) — [ 0%(0) is coercive (hence inf-compact for the weak-* topology
of M(R%; S%*?)), while the distributional constraint div’e = f is weakly-* closed.

We prove now the equality (2.3) within two steps.

Step 1: Z(f) < Z'(f). It is enough to prove the following inequality:

(fyu) < /QO(O') for every (u,0) € Ko x Sy, (2.4)

where Sy := {0 € M(R%8%%?) : div’e = f in D'(RY)}.

First we observe that we need only to show (2.4) for u € Ky N C®. Indeed, we may approximate any
u € Ko by u,, = uxp,, where p, = n’p(nz) is a sequence of mollifiers (p € D(R%; R ), and [ p = 1). Then,
lip(Vu,) < lip(Vu) < 1, and, therefore, the sequence (u,, Vu,) is bounded in X5(R?) x X;(R?). The
convergence (u,, f) — (u, f) can be obtained by applying once more the criterium (2.1) to v, = u,, — u
and to Vu,.

Let us now consider an element u € Ky N C* and a generic ¢ € Sy. Then, recalling (1.5), we have

/<V2u,o> < /Q(VQu) (o) < /go(a) < +o0.
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Then, our claim (2.4) follows from Lemma B.1 (see Appendix B) which states that

/<V2u,a> =(u, f) = (u, fo) + (Vu, F) Vo eS;. (2.5)
This concludes Step 1.
Step 2: Z(f) > Z'(f). We are going to show the equality:

Tg(f) i=sup {(u.f) : uwe DRY), lip(Vu) <1} =T'().

Clearly Z,cq(f) is not larger than Z(f) and, thanks to Step 1, the equality above will imply that the three
quantities coincide!. We introduce the value function h : Cp(R% §4*?) — R U {+o0} defined by:

h(¢) == inf{ —(u, f) : uweDRY), o(VZu+) < 1} (with h(¢) = +oo if no admissible u exists).

Then, h is a convex proper functional such that h(¢) < 0 whenever sup(o(¢)) < 1 (u = 0 is then
an admissible competitor). It follows that A is continuous at 0 (with respect to the norm topology of
Co (R4 84%4)), where it takes the value h(0) = —Zee(f). By a classical result of convex analysis (see
Appendix A), it holds that

h(0) = h*™(0) = — min h™.

Then, the wished equality Zyee(f) = Z'(f) follows if we can identify the polar of h as:
h*(o) = /QO(J) if divie = f in D'(RY), h*(c) = +oo otherwise. (2.6)
Let 0 € M(R%; 8¢9, and assume that h*(c) < +o0. Then,

h*(0) = sup {{¢,0) = h(¢) : ¢ € Co(R:; ™)}
=sup {(¢,0) + (u, f) : (u,¢) € D(RY) x Co(RY; 8), o(VPu+¢) <1}
= sup {(X,o> - <V2u,o> + (u, ) = (u,x) € D(RY) x Co(RY; ST*Y), o(x) < 1}

= /QO(O') + sup {—(V*u,0) + (u, f) : uwe DR},
where:
- in the third line, we put x = V2u + ¢ which runs over the whole Cp(R?; S4*4) ;
- in the last line, we have taken for fixed u the supremum with respect to x recovering [ ¢%(c)
which agrees with the support function of the subset {o(x) < 1}.
The finiteness of h*(o) requires that (u, f) = (V2u,0) for every u € D(R?), meaning that div’e = f in
D'(€2). This proves the validity of (2.6) and concludes Step 2. The proof of Proposition 2.1 is finished. [

2.2. Convex order and martingale transport. Stochastic ordering plays an important role in prob-
ability theory as a tool for comparing random variables through their probability laws. Here, we are
concerned specifically with the convex order between measures in M, (R%R,) (p € {1,2}). To any

measure p € M;(R?% R, ) , we associate its total mass ||u|| and its barycentre [u] given by:

1
lul) = / mo = / ¢ p(dz).

1unfortunately, we were unable to find a direct approximation of an admissible u by a sequence (un) of compactly

supported functions such that lip(Vuy) < 1.
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Definition 2.2. Given two non-negative measures y,v in M;(R?), we say that v dominates p in the

sense of convex order, in short v =, u, if for every convex function ¢ : R? — R there holds the inequality

/wdvz /apdu- (2.7)

By the Moreau-Yosida infimal convolution procedure, we know that any convex lower semi-continuous
function ¢ : R? — R U 400 is the non-decreasing limit of a sequence of convex Lipschitz functions.
Therefore, in order to show that v >, u, the inequality (2.7) needs to be checked only for those ¢ that are
Lipschitz. If it is the case, then (2.7) extends to any convex lower semi-continuous ¢ : R? — R U {+o00}.

The following properties are straightforward:

e By testing (2.7) with affine functions (which are integrable), we see that
vizep = el =lvl, and [u] = V]

e 1=, 0p (Jensen inequality).

The next characterization of convex order is crucial.

Theorem 2.3 (Strassen). The convex order v =, p holds true if and only if there exists a p-measurable
map x +— p® € P(RY) such that:

(1) [p ””]Zx u-ae

(i) v(B) = [ p®(B) u(dx) for any Borel set B C R%.

By MT(u,v) we denote the set of martingale transports from p to v, i.e. the family of coupling
measures v € I'(y, v) whose disintegration with respect to u, given by (¢,7) = [ ([ ¢(z,y)v*(dy)) p(dz),
satisfies the condition [y*] = z p-a.e. By virtue of Strassen theorem, this family is non-empty if and only
ifv>=.p.

Three straightforward consequences of Strassen theorem for measures p, v € Py(R9) are listed below:

(pl) Assume that v =, p. Then, var(v) > var(u), while strict inequality holds unless p = v. Indeed,
assuming that [p] = 0, for p® such that v = [ p” pu(dz) with [p*] =z p-a.e., we have

var(v) — var(s) = / (112,97 — |2f?) u(da),

which is positive unless the Jensen inequality (| -|?,p") > |z|? is an equality for p-a.e. z. By the
strict convexity of | - |2, this is possible only if p* = §,, hence, if v = p.

(p2) Assume that [v] = 0, and take the convolution p = u* v. Then, it holds that p >, u. Indeed,
p = [p® u(dx) where p® := (z + id)#v satisfies the condition [p*] = z. Thanks to this property,
one checks easily (see [19]) that, for centred Gaussian distributions p, p on R? with the respective
covariance matrices R, M € SiXd, the condition p >, p reduces to the order relation R > M (in

the sense of quadratic forms).

Finally, we point out that optimal transport problems under the martingale constraint of the kind
inf { [ e(z,y)y(dzdy) : v € MT(u,v } are often considered in the literature, most often for the cost
c(z,y) = |z —y|P, p > 1 (cf. for instance [1], [24], [14], [12]). A particularity of the quadratic cost p = 2 is
that, for v >, u, the infimum above is reached by any v € MT (u, v) since the total cost remains constant

(equal to var(r) — var(u)) on this subset. This fact will be exploited in the proof of Theorem 1.3.
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3. PROOFS

A quite technical direct proof of Theorem 1.1 could be derived directly, by leveraging the Le Gruyer’s
three-point characterization (1.13) of the feasible set {u € C1! : lip(Vu) < 1} (see [15] for more details on
this characterization). However, as we aim to emphasize the important link between our initial problem
and stochastic optimization under convex order dominance, we choose here to deal first with the proof of
Theorem 1.3. After that, our main result in Theorem 1.1 and its Corollary 1.2 will follow nicely.

In the whole section we assume that that u,v are centred probability measures in Py (R?), that is, in
particular, [p] = [v] = 0. These conditions are not restrictive since the equalities [y = [v and [u] = [V]

are necessary to ensure that Z(v — pu) < +o0.

3.1. Dualization of the minimal variance problem and optimality conditions. Let us rewrite
V(u,v) defined in (1.20) in the form V(u,v) = inf {var(p) : p € A(u,v)} where

Ap,v) == {p €EPo(RY) = pr=ep, pr. V}. (3.1)
By the properties (pl), (p2) that conclude Section 2.2, we know that p = puxv belongs to A(u, v), whence:
max {var(p),var(v)} < V(p,v) < var(p)+ var(v). (3.2)

Next, we consider a new variational problem involving pairs (p, 1) of convex functions. Let K be the set

of convex functions that are in C1!(R?) (clearly, K C X5(R?)). Then, we set

Vin) = { [+ [var o€ 7 | (33)
where F = {(¢,9) € K? : o+ <|-]*}.
Proposition 3.1. There exists an optimal p for (1.20), and we have the no-gap equality

V(p,v) =V (u,v).
Furthermore, p € A(u,v) and (¢,v) € F are optimal for (1.20) and (3.3), respectively, if and only if the
following optimality conditions are fulfilled:
i) e+v=1[ pae,
(it) [edp= [wdu, [vdp= [¢dv.

(3.4)

Remark 3.2. The existence issue for V' (u,v) is not straightforward. In fact, optimal pairs (¢,v) € F

will be deduced from the solutions to (1.6) by means of Proposition 3.5 in Section 3.2.

Proof. We start by proving that (1.20) admits solutions. By (3.2), there exists a maximization sequence
(pn) in A(u,v) such that var(u,) — V(u,v) < +oo. Then, (p,) is bounded in Mz(R?) and, up to
extracting a subsequence, we have p,—p in the duality between X5 o(R?) and My(R?). Therefore, as
pn € A, v), by passing to the limit n — oo, the convex order relations [ fdp > sup{[ fdpu, [ fdv} are
deduced for every convex Lipschitz f (such f belongs to X5 o(R?)). As pointed out after Definition 2.2, this
is enough to ensure that p € A(u, v). The optimality of p follows since V(u, v) = lim inf,, var(p,,) > var(p).
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Next, we prove the equality V(u,v) = V'(u,v). Notice that the inequality V(u,v) > V/(u,v) is

straightforward since for every admissible (p; , 1) we have

[ein+ [vavs [odps [van< [1-Fap (3.5)

To show the opposite inequality, we introduce the perturbation function A : ngo(]Rd) — R U {400}
defined by

h(x) :=inf{— (/cpdqu/de) : (o) € K2, <p+¢+x<|-l2}-

We see that h(0) = =V'(p,v) is finite, while the function h is convex. Moreover, by taking ¢ = ¢ = —3
as a competitor, we have h(x) < —1 whenever x < 1+ |- |2 Thus, h has a finite upper bound on the
unit ball of the Banach space Xz o(R?). Therefore it is continuous at 0 and, by Appendix A, it holds that
h(0) = h**(0) = — min h*, where h* denotes the Fenchel conjugate of h on the dual space Ma(R%). The

asserted equality will follow if we can prove that
h*(p) = var(p) if pe A(p,v), h*(p) = 400 otherwise. (3.6)

Let us compute

h*(p)=sup{/xdp+/sodu+/wdv X € Xoo(RY), (1) € K2, w+w+x§|-2}-

Clearly, one has h*(p) < var(p) if p € A(p,v). To find a lower bound for h*, we may restrict the
supremum above to pairs (¢,%) € K2 which are Lipschitz. Fixing such a pair, we see that the function
X(2) := |2|* — p(2) — () belongs to Xo(R?) and it is positive for large |z|. By truncation, it can be
approximated by a sequence x, € Co(R?) such that y,, — X increasingly, and sup,, ||xx|| X,y (R) < +00.

Since x,, + ¢ + 1 < | - |?, after certain manipulations we are led to?

W)= [ (ot ot v)dp+ (/@du—/tpd/})Jr(/de—/wdp)-

Then, passing to the limit as n — oo (see (2.1)), we get the inequality

B (p) > /IZQd/JJr(/stu /s@dp) (/wdv—/wdp>,

which holds true for every pair of convex Lipschitz functions (¢, ). Therefore, the finiteness of h*(p)
implies that p dominates p and v in the convex order. In this case, we infer that p € A(u,v), while
h*(p) > var(p). This proves our claim (3.6), hence the equality V(u,v) = V'(u, v).

We see now that a pair (p, (¢,v)) in A(u,v) x F is optimal if and only if the inequalities in (3.5) are

equalities. In turn, these equalities are equivalent to the conditions (i), (ii) stated in Proposition 3.1. O

3.2. Proving the equality V'(p,v) = Z(v — p) — 5 (var(u) + var(v)). First, we recall a classical result

that establishes a connection between the Hessian constraint and the convexity properties.

Lemma 3.3. For any continuous function u : R4 — R the following conditions are equivalent:
(i) u € CHY(R?) and lip(Vu) < 1;
(ii) u € VVIQOCOO(RCI) and —1d < V2u < 1d a.e. in RY;

(iii) both functions %|- ” +u and 1 > = u are convex.

2all integrals involved below are finite since Lipschitz functions belong to X2 (Rd)
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Next, we consider the subclass G C C(RY) consisting of continuous functions ¢ such that |- |2 — ¢
admits an affine minorant. Note that ¢ € G if and only if ¢(z) < |z —zo|* 4 b for a suitable pair
(70,b) € R? x R,. Then, we introduce the transform £ : ¢ € G — $ € G defined by:

5 5 2 2 o
Lo=¢ where @(x) = [z[" = (]-[7 =)™ (2). (3.7)
A crucial property of £ is that it preserves convexity (see the assertion (iii) below).

Lemma 3.4. The transform L enjoys the following properties:

(i) Lo > @, while Lo = ¢ if and only if |-|> — ¢ is conves;
(i) Lo L =L (idempotence);

(iti) If ¢ is convez, then ¢ := Ly is convex and C, whilst u := |- |> — ¢ satisfies lip(Vu) < 1.

Proof. The first two properties are straightforward. In order to show that ¢ is convex, we need only to
check the Jensen’s inequality | [ @(z + &) po(d€) > ¢(z) for every centred finitely supported probability

po and for any 2z € R, In view of the particular form of ¢ given in (3.7), this amounts to showing that

/(| =) (2 + & po(de) < (|- = 9)™(2) + var(po)- (3-8)

To prove (3.8), we fix £ > 0 and choose a finitely supported probability p* such that [p*] = z and
(- =022 [ (P = 0l0) p(de) ~ .

Then, by applying Jensen inequality to (| -|* — ¢)** (which is majorized by |-|* — ¢), we infer that for

every & € R? we have

(- =0+ = (17 =9 < [ ((16+ €7 = 0l¢+€) = (16 = (0)) ) p7(d) + ¢
— 167 =209 — [ (#C+9) = w(O)pi(d0) + =

By integrating with respect to the centred measure po(d¢) and by Fubini theorem, we deduce that:

/(\ P =) (2 + &) po(d€) — (|-1* — )™ (2) < var(po) +e— // (0(¢+€) = #(Q) P*(d¢) ® po(dE)
=)+ [ ( [ (etc+9 - 410) Po(df)> P (d0)

< var(po) + €.

Let us point out that, in order to reach the last line above, we used the convexity of ¢ which, by Jensen
inequality, renders the integral with respect to pg(d{) non-negative. Since £ can be chosen arbitrarily
small, we get our claim (3.8), hence the convexity of .

To complete the proof of the assertion (iii), we observe that the function u = 1| > — & is such that
ik > —u=¢and |- I+ u=(|-]* — ¢)** are convex functions. By virtue of Lemma 3.3, it follows that
u (hence also $) is C1'1, and there also holds lip(Vu) < 1. O

Proposition 3.5. Let U be a solution to (1.6). Then, the pair of convex function (1) given by

1 — 1
p=3lF-m  F=jF+u (3.9)
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solves the maximization problem (3.3). Accordingly, we have the equality

I(v—p) + %(Var(,u) + var(v)) =V (p,v) .

Proof. Since w is C*! with lip(V#) < 1, the pair of functions (@,) given by (3.9) belongs to the class

F of admissible competitors for (3.3), thanks to the equivalence stated in Lemma 3.3. Therefore,

I —p) = / Tdy — / udp = / odu+ / ¢ dy — EEEvar) oy, ) varle)dbvar()
Thus, we are done if we can prove the converse inequality, namely
, 1
Viip,v) < (v —p)+ i(var(u) + var(v)). (3.10)

Let (p,1) € F be any admissible pair for (3.3). Since the convex continuous function ¢ admits an affine
minorant, the inequality 1 < |-|? — ¢ implies that 1 = ¥** < (|-|2 —¢)**, while ¢ belongs to the subclass
G on which the L-transform is well defined. By virtue of Lemma 3.4, ¢ := Ly is convex and satisfies

@ > . Therefore, it holds that

[etns [viv < [oaus [(-7 -0 = [pans (7= g)an
In terms of u := 3| - |? — &, the latter inequality can be rewritten as follows:
1
/gpdu+/1/)du §/udzx—/ud,u + i(var(,u)—i-var(l/)).

By the assertion (iii) of Lemma 3.4, u is an admissible competitor for (1.6), hence [udv — [udp <
Z(v — ). This gives the following upper bound:

1
/apd,u + /z/)du <ZI(v—p)+ §(var(u) + var(v)).
The desired inequality (3.10) is obtained by taking the supremum with respect to all pairs (p, 1) € F. O

Remark 3.6. Given an admissible pair (¢,%) € F, we can define two bivariate functions ¢(z, z) :=
o(z) + (Vo(z), z — z) and (y,2z) = ¥(y) + (Vo (y),z — y). By the convexity assumptions, we have
©(z) > §(z, 2) and ¥(z) > ¥(y, z), hence the inequality

p(@) +(Vo(a),z —2) + () + (Vey).z —y) < |22 V(z,y,2) € (RT). (3.11)

Take u € CT1(R?) such that lip(Vu) < 1. By applying (3.11) to (¢,%) = (3| |> — u, 3| - |* + v) which

belongs to F (see Lemma 3.3), we recover the following three-point inequality
[u(y) + (Vu(y), z — y)] — [u(z) + (Vu(z),z — z)] < c(z,y,2). (3.12)

As pointed out in the introduction, this inequality characterizes the admissibility of u for (1.6).
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3.3. Relation with the three-marginal OT problem. A key issue is the relation between the
admissible subset ¥(u, ) for the optimal transport problem (1.9) and the admissible subset A(u,v) for
(1.20). This relation is illuminated by the following result:

Lemma 3.7. Let m € Po((R?)?) be a 3-plan with marginals (i, v, p). Define the marginals 7 3 = Hf;(?r)
and ma 3 1= ijg(ﬂ'), which are the push forwards of w(dxdydz) through the projection maps (z,y,z) —
(x,2) and (x,y,2) = (y,z), respectively. Then,

w3 € MT(u,p),
reS(ny) o b (v.) (3.13)

T3 € MT(V, p)
Accordingly, we obtain the equality
Alp,v) = {,0 € Po(RY) : Ire D(u), TH(r)= p} . (3.14)

Proof. Recalling the equilibrium conditions (1.10) which characterize the convex subset ¥(u, v), checking
the equivalence (3.13) amounts to verifying the two equivalences:

1) [If (z — 2, ®(2)) 7(dedydz) =0 V& € Co(RLGRY) < w3 € MT (i, p);

(i) [ (z =y, ¥(y)) 7(dedydz) =0 VU € Co(RLRY) & w5 € MT(v,p).

Let us prove (i); the proof of (ii) is similar and will be skipped. We consider the disintegration of the
measure 71,3 with respect to its first marginal p which provides a p-measurable family {p*} in P(RY)
such that [[ 0(z, 2) m1 5(dedz) = [ ( [ 0(z,z)p®(dz)) p(dz) for every 6 € Co(R? x R?). Then, we observe

that:
/// (z — x, ®(z)) m(dxdydz) = // (z — z, ®(x)) m1 3(dzdz)
- [ ([ - wv@nr@) uae)

- / ("] — 2, B(x)) ulda).

Clearly, these integrals vanish for every ® € Cp(R%; R?) if and only if [p*] = z holds p-a.e. This is exactly
the martingale condition that characterizes m 3 € MT(u, p).

Let us now prove the equality (3.14). By (3.13), the condition 7w € X(u,v) implies that p € A(u,v).
Conversely, if p = 1 and p = v, Strassen theorem ensures the existence of martingale transports ;3 €
MT (s, p) and v2,3 € MT (v, p). Then, we can recover an element = € X(u, v) with p for the third marginal
by using a gluing construction between v; 3 and 2 3. A simple one (it is not unique) is as follows: let
us consider the disintegrations of the measures 7; 3 (¢ € {1,2}) with respect to their second marginal p.

This gives p-measurable families {p?} in P(R¢) such that
aldads) = [ (pi(de) © 06(d2)) pld). rmaldyds) = [ (p3(dy) @ Geld=)) o(d)

Then, it is easy to check that the measure m(dzdydz) = [ (pi(dz) ® p3(dy)) @ b¢(dz) p(d€) has (i, v, p)

for its marginals, and it satisfies m; 3 := H?;(?T) = i3 O
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3.4. Proof of Theorem 1.3. By Proposition 3.1 and Proposition 3.5, we already know that

Tl — )+ 5 (var() + var(v)) = V'(s,v) = Vi 0).
Accordingly, we still have to check that the infimum J(u,v) in the three-marginal problem (1.9) satisfies
the equality:
T (p,v) =V(p,v) — %(V&I(M) + var(v)). (3.15)
Let m € X(p,v) be a competitor for (1 9) and let p be its third marginal. Then, by Lemma 3.13, we
know that p € A(u,v), while [[[ (2 n(dzdydz) = [[[ (z — y,y) 7(dxdydz) = 0 by particularizing

the equilibrium condition (1.10) for ® = ¥ = id. Thus, recalling the formula for the cost ¢(x,y,z) =
3(|lz — 2| + |y — 2[?), we have:

/// c(z,y, z) m(dzdydz)

The equality (3.15) then follows from (3.14) by noticing that taking the infimum with respect to 7 €

1
3 (var(u) + var(v)) + var(p /// (z,z + y) m(dzdydz)

= var(p) — %(var(,u) + var(v)).

Y(u,v) on the left hand side above amounts to taking the infimum with respect to p € A(u,v) in the
last line. As a consequence, we see that [[[ ¢(z,y, z) m(dadydz) = J(p,v) if only if var(p) = V(u,v).
That proves the assertion (i) of Theorem 1.3. The assertion (ii) is a direct consequence of Proposition 3.1

(existence of optimal p) and of (3.14) (existence of m € ¥(u,v) with the third marginal p). O

3.5. Proof of Theorem 1.1. The existence of an optimal u solving (1.6) follows from Proposition 2.3
that we apply to the source term of the form f = v — u. To prove the central equality Z(f) = J(u, v),
it is now enough to combine the equalities stated in Theorem 1.3, Proposition 3.1, and Proposition 3.5.
The existence of an optimal = € ¥(u, v) has been already established (see Theorem 1.3). Before proving
the assertion (ii), we recall that if u is admissible for (1.6), then by integrating (3.12) with respect to any
7 € 3X(u,v) and by taking into account the relations (1.10), we get

J|] v 2ymtazdyiz) = [If () + (Vutw),z = ) = fu(e) + (Vula), 2 - )] )(dadyd)
_ / wdv — / wdp.

Therefore, since Z(v — p) = J(u,v), the optimality of (u,7) is equivalent to the fact that the above
inequality is an equality. In view of (3.12), this happens if and only if (1.12) holds true. O

3.6. Proof of Corollary 1.2. Let w € X(u,v) be an admissible 3-plan for (1.9), and let us consider the

associated tensor valued measure, namely o = [[[ 0®¥* y(dzdydz). We claim that:

/ /// c(x,y, z) m(dzdydz) and  div’e =v—p in D'(RY). (3.16)
Then, if 7 is optimal for (1.9), we will deduce that
() (cuin(17) < [ 0) <[] ctoy.2) atdndydz) = Tu.v),

hence the optimality of o since we have Z'(v — u) = Z(v — ) = J (14, v) by virtue of Proposition 2.3 and
Theorem 1.1.
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Let us now prove (3.16). By the subadditivity property of the convex one-homogenous functional
MR8 5 6 — [ 0%(0), we have:

/ (o) < /// ( / go(afvw)) (dxdydz) /// c(x,y, z) m(dedydz).

Indeed, recalling the definition of the rank-one measure o™¥# given in (1.14), we have:

X

€=l Hid) + [ Je—aHIde) = Fllo— 2P+ Iy - o),
(zv]

with the inequality being an equality if the segments [z, z] and [y, z] do not overlap. Eventually, let us
show that o satisfies the distributional constraint div’e = v — p. Recalling that div2e®¥* = f#¥% where
fovE =46, — 6, —div((z —y) 6, — (2 — x) 6;) (see (1.16)), for each test function ¢ € D(R?) we have

(div’o,p) = /// (div’o™¥=, ) 7(dedydz) = // (==, ) m(dadydz)
= [ (o) - @) + Tet0).- >7<w<z>,zfx>)w<dxdydz>

/@dv—/s@dm

where the last equality relied on the relations (1.10). This proves our claim (3.16), hence the first assertion

of Corollary 1.2. Let us now consider the marginal v = m; 5 of an admissible 7 € X(y, ) with respect to
the first two coordinates. There is no loss of generality in assuming that m € Py ((R%)?) (i.e. f f f cdmr <
+00). Then, there exists a y-measurable family {7%¥} in Py(R?) satisfying the dlsmtegratlon formula
7(dxdydz) = y(dxdy) @ 7Y(dz), see the convention (1.21). It yields

/// a(x,y, z) m(dedydz) = //(Ww,y,a(:v,% ) y(dady) VaEXg((Rd)3),

Let us apply this formula to the following element of X5 ((R9)?):

(2,9, 2) = [u(y) + (Vuly), z = y)] = [u(@) + (Vu(z), 2 — )] = ez, y, 2),

where v is admissible for (1.6). By (3.12), we have o, < 0 while, by virtue of the second assertion of

Theorem 1.1, we have «,, = 0 holding 7-a.e. whenever the pair (u, ) is optimal. In this case, we get:

0= ///au(x,y, 7(dxdydz) // oY ay(z,y, -)) y(dzdy),

yielding that sp(7®¥) C {2 : au(z,y,2) = 0} for y-almost all (z,y) € (R?)2. Next, we show that the
subset {ay(x,y, ) = 0} reduces to the singleton {z,(z,y)} where

T +y n Vu(y) — Vu(z)
2 2 '

2u(2,y) = (3.17)

For (z,y) being fixed, the function z — ay,(x,y, z) is strictly concave; hence, it reaches its maximum on
R? at the unique point z,(z,y) where 9, (z,y,2) = Vu(y) — Vu(r) — (22 — (x + y)) vanishes. This
furnishes (3.17). Since Vu is 1-Lipschitz, z,(z,y) belongs to the ball B(%ﬂ’, @) Accordingly, any
optimal transport plan 7 is supported on (B(sp i, spv))?, while the associated tensor measure & solving

(1.7) satisfies (1.18). The proof of the assertion (ii) is now complete. O
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4. EXAMPLES

In this section we give exact solutions for some classes of data p and v. In each case we propose a pair
(u, ) and prove its optimality by checking the optimality condition (ii) in Theorem 1.1. It turns out that,
after checking the three-point equality (1.12), the main concern is to check the admissibility conditions
—Id < V%4 < Id and 7 € (1, v). Once the optimality of (u,7) is proved, an optimal convex dominant
p is computed as the third marginal of 7 (see Theorem 1.3). Meanwhile, according to the Corollary 1.2,

a solution of the second-order Beckmann problem (1.7) of the form o = [[[ 0™ w(dadydz) is derived.

4.1. Ordered measures. The simplest class of data is the one of y, v € P5(R?) that are in convex order.

Let us assume that
w=c v

Then, for any any martingale transport plan v € MT (u, V), an optimal pair (u, ) is given by:
1
u(z) = §|x\2, m(dxdydz) = v(dzdy) ® 0y(dz), (4.1)

see the convention (1.21). Recall that MT(u,v) is non-empty by virtue of Strassen theorem.
Admissibility of u is clear, and 7 € ¥ (u, v) follows easily from Lemma 3.7. Due to the form of m, the
three-point optimality condition (1.12) has to be checked merely for the triples (z,y, z) for which z = y.

This is the case since u satisfies the identity®>:

uly) ~ [u(a) + (Vu(z),y — 2)] = glo — v

With the validated optimality of the pair (u, ), we can deduce the minimal energy:

I(v—p) = /ud(u —p) = %(var(y) — var(p)).

Moreover, the solution o provided by Corollary 1.2 takes the form [[ %Y ~(dzdy) where, by (1.14), 0¥ ¥
is positive semi-definite, thus o € M(R?; SiXd). Eventually, in view of the property (p2) (in Section 2.2),
we see that p = v is the unique minimizer of the optimal convex dominance problem V(u, ). In contrast,
the solution o to (1.7) is not unique as it is shown in the forthcoming remark. Our argument will be

based on following simple criterium:

Proposition 4.1. Assume that y <. v. Then, a measure o € M(R% S¥*?) satisfying the constraint

div?e = v — u solves the second-order Beckmann problem (1.7) if and only if it is positive semi-definite.

Proof. Using the integration by parts formula (B.1), for any o satisfying div’e = f = v — p, we have

/QO(U) 2/<Id,o> :/<V2u,a>:/udf:1(f).

By (2.3), the tensor measure o is optimal for (1.7) if and only if [0%(c) = Z(f). This means that
the above inequality is an equality. Noticing that ¢°(A) = Tr(A) for A € S¥*? implies that all the
eigenvalues of A are non-negative, we infer that an admissible ¢ is optimal if and only if it is an element
of M(R%; 89, O

3the left hand side is nothing else but the Bregman divergence of u at y around x
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Remark 4.2 (the non-uniqueness issue). In general, even if p is unique, one can expect that 7 given
in (4.1) is not unique since there may exist multiple martingale transports v € MT (i, v). In turn, this
translates to possibly multiple optimal tensor measures o. In fact, we can exploit Proposition 4.1 to see
that non-uniqueness of optimal ¢ goes beyond the one induced by the non-uniqueness of .

Let us consider the simple example when p = §y and v = Z?zl %5%. where y; are corners of the
square centred at the origin. Clearly p <. v, and v = Zle %5(0}%.) is the unique element of MT (u,v).
It follows that (i, v) is a singleton, which gives uniqueness of optimal 7. The induced o is the rank-one

tensor measure defined as follows:

o (dE) = /// o®% (dg) w(dadyd>) :Z ‘iy” Yi o Vg1 (dg) L]0,y

\yi| |yi|

Such o is demonstrated in Fig. 2(a). More accurately, the figure displays the density of ¢°(o) with respect
to H! measure restricted to the four segments.

Meanwhile, the set of o > 0 for which div’e = v — p is very rich. Figs 2(b,c) give examples of such
measures. After Proposition 4.1, they are also optimal for the second-order Beckmann problem (1.7).
It is even possible to find optimal o that has an absolutely continuous part. This example not only
shows that we may experience great flexibility in the choice of optimal ¢ but also that not every such
optimal measure can be decomposed with respect to a three-point measure 7 as in Corollary 1.2. This is
a significant difference with respect to the classical first-order Beckmann problem where all minimizers

can be decomposed along transport rays by virtue of Smirnov theorem (see [23] and Proposition 2.3 in

[11).

(a) (b) (c)

FIGURE 2. Various optimal o (blue) for the data p = &y (gray) and v = 2?21 16y,

(black). Only the density of the 1D measure o is displayed.

4.2. Gaussian measures. In this example we assume the data to be two centred Gaussian distributions
on R%:

w=N(0O,M), v=N(0O,N),
where M, N € S_‘f_Xd are two positive semi-definite covariance matrices. Note that, if these matrices are
ordered, we find ourselves in the framework of the former example (see the comment after (p2) in Section
2.2). In the general case, at the core of the solution lies the spectral decomposition of the difference of

the covariance matrices:
d

N—M:Z)\itli@ai,

=1
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where a; are mutually orthogonal vectors on the unit sphere S~1. Let us define the projection matrices
P .= Z a; ® a;, Py = Z a; ®a; =1d— P_.
{i:X;<0} {i:X; >0}
The following symmetric positive semi-definite matrices will prove to be essential:
MVN:=M+(N-M)y =N+ (M —N),,
MAN:=M-(M-N); =N—(N—-M),,

where
d d

(N=M)y =) (M)sai®a; , (M=N)p=Y () a;@a.
i=1 i=1
According to Remark 4.3, M V N can be seen as the least majorant of the matrices M, N, and M A N

as their greatest minorant.

We are going to now show that an optimal pair (u, ) is given by

d
1
u(@) = 5D sen()(a o)’ 7w = (dady) @ 6., ) (d2),
i=1

where we agree to the convention that sgn(0) = 1, while

- the transport plan v € P(R? x R?) is a normal distribution

VZN(O7G)7 G=

M  MAN
MAN N |

- the function z, is computed according to (1.17), which here leads to
Zu(m7y) =Pz + Per

The positive semi-definiteness of G is clear since M A N is a minorant for the both M and N. Since
Viu = Zle sgn(A\;) a; ® a;, feasibility of u is also straightforward. In view of the disintegrated form of
7, it is sufficient to show that the equality (1.12) holds for every triple (x7 Y, zu(x, y)) where (z,y) ranges
in whole (R?)2. This reduces to a tedious but elementary computation.

The more involved part is showing the admissibility 7 € X(u,v). As the first and second marginals
of m coincide with those of «, they are equal to  and v, respectively. Thus, by virtue of Lemma 3.7, it is
enough to show that the marginals m; 3 := HﬁB(w) and mg 3 1= H;?f?) (m) are martingale plans. Integrating

against a test function ¢ € Co(R? x RY), we obtain

//qb(a:,z) m1,3(dzdz) = // d(x, 2) w(dedydz) = //qb(m,zu(x,y)) ~(dzdy)
= // ¢(z,x + Pp(y — x)) v(dzdy) = // o(z, z + 2) Y(dzdz).

Above 4 is the push forward of  through the map A(z,y) = (z,2) = (z, P+ (y — x)). As A is linear, it
might be identified with a 2d x 2d matrix. Accordingly, 4 is another Gaussian given by

4=N(0,G), G=AGAT =

M 0
0 (N—M)y|

Note that the matrix multiplication above is straightforward once we observe that

(M AN)P, =MP,, (MAN)P_=NP_.
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The structure of the matrix G shows that 4 is a product of two Gaussians: 4 = A(0, M)@N (0, (N —M),).

We continue the chain of equalities:

/ Bz, 2) m 3(dzdz) /(/qu x4 2) N (0, (N—M)Jr)(dz))j\/((),M)(dx)
/(/M 2N (@, (N - M)+ )(dz))N(o,Mxm

in order to arrive at
T 3(dwdz) = p(dz) @ N (z, (N — M) )(dz). (4.2)

It is clear that 71 3 is a martingale. In a similar way one shows that m 3 = v @ N (y, (M —-N )+), which
is also a martingale. We have thus proved that m € X(u, v) and, ultimately, that (u, ) are optimal. The

minimal energy equals:

d
1 1
(v —p) = /ud v—p E sgn(N;) (N — M,a; ® a;) = 5 E |Ai| = igo(N—M).
i=1

To identify the optimal measure p we compute the third marginal of 7. Utilizing the disintegration

formula (4.2) for m 3 we find that it is a convolution of two Gaussians:
p=m3=pnxN(0,(N—-M);y)=N(0,M+(N—-M);)=N(0,MVN)
(note that we obtain the same result when computing the second marginal of 72 3).

Remark 4.3. It is possible to show directly that p := A(0, M V N) is a solution to the minimal variance
problem (1.20). Indeed, since p satisfies the dominance constraints (cf. (p2) in Section 2.2), we have
V(u,v) < Tr(M Vv N). In the opposite direction, any admissible p € A(u,v) admits a covariance matrix
Re SiXd such that R > M, R > N. Therefore, since var(p) = Tr R, we have:

V(g,v) > min {TrR R > M, RzN}.
Res{*?

It is not difficult to check that the right hand side above is a semi-definite program which admits a unique
solution given by R = M V N. The optimality of p follows. Notice that, similarly, the matrix M A N
uniquely solves the analogous maximization problem where the order constraints are reversed. In this

sense M V N is the least majorant of the matrices M, N, whilst M A N is their greatest minorant.

4.3. Two-point measures. The simplest non-trivial data possible is when both measures are supported

by two points:
2

2
M:Zﬂ'ialw V:Zl/j(syj.
j=1

i=1
As the barycentres must coincide, the problem is virtually planar. We can thus a priori assume that

d = 2. In addition, we enforce that the four points are not aligned so that 1D scenario is avoided.

As before we assume that the measures are centred, i.e. [u] = [v] = 0. In this case x1 = — 2o,
Y1 = —l’j—fyg. Note that the weights follow automatically from the positions:
|| ;]
i = 3 Vi = 5 (43)
C fan ]+ o] T | el

where i’ =3 —14, 7' =3 —j.
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The main challenge lies in the fact that the type of the solution switches depending on the geometrical
property of the convex quadrilateral that the points z1, y2, z2,y1 form. Indeed, the two cases below must
be considered:

(A) the pairs of opposite edges of the quadrilateral are inclined at an angle non-greater than 7/2;

(B) the angle between one of the pairs of opposite edges of exceeds /2.

The pairs of lines extending the edges in questions are drawn in Fig. 3(a). In fact, being in the scenario

(A) is equivalent to the system of two inequalities:

(T2 = y2,51 — 1) = 0, (4.4a)
(T1 = Y2, 51 — x2) > 0. (4.4b)

It is worth emphasizing that at least one of those inequalities is always met.
Case (A)

To extent, this case is similar to the Gaussian example as again the spectral decomposition of the
difference of the covariance matrices will play the central role. Defining M = f z® xu(dr) and N =

Jy®yv(dy) we can make use of (4.3) to show that
M=-21 @1 =—-23® 11, N=-y1®y2=-y2Qy. (4.5)

Since we assumed that the four points are not collinear, the difference always has two eigenvalues of
opposite signs:

N-M=XMa®at+\b@b A <0, \>0,

where a L b and a,b € S'. In what follows we prove that in the case (A) the problems Z(v — u) and
J(u,v) are solved by, respectively,

2
1
’U,(JZ) §(<b l‘> (a,x>2), ™= Z 'Yz'j 6(Zi,yj72ij)7 (46)
i,j=1
where
<b Yjr — Ti)
T — zii = (a,x;ya+ (b,y;)b. 4.7
ey A= teeat b (47)

We observe that z;; = z,(2;,y;) = P-x;+ Py, for P_ = a®a, P; = b®b. Accordingly, both admissibility
of u and the three-point optimality condition (1.12) can be shown identically as in Example 4.2. The
biggest challenge consists in showing that = € X(u,v). In fact, it is the positivity of 7;; that is the most

delicate. The following result shows that it characterizes the case (A):
Lemma 4.4. The inequalities (4.4) hold true if and only if ~v;; > 0 for all i,j € {1,2}.

As the proof is rather long and technical, it is moved to Appendix C. We can readily check that 7 € X(u, v)
relying on Lemma 3.7. The fact that the first marginal of 7 is © amounts to observing that 25:1 Yij = i
Next, we compute

2 2 2
i (b,
1,3 = Z Yij 5(xi,z,;j) = Z 2 (Swl ®Pl> Z yj 1 Zij .
_]:1

(b
i,j=1 i=1 Yit

Noting that z;; = x; + (b,y; — x;)b, it is easy to show that [p'] = x;, rendering m 3 a martingale.
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To show that my = v and that w5 3 is martingale as well, we derive an alternative formula for -;;

that is symmetric to (4.7). First, observe that j; = —%%") thanks to (4.3). This starts the chain of

(a,x;r—x;)

equalities below in which we exploit the equality (a ® b, M) = (a ® b, N) and formulas (4.5):

i = (a,)  (byyjy —x))  (a®@b,—xp @ x;) + (a, 24) (b, y;r)
Y (a,zy — x;) (b, Y — yj> (a,xy — x4)(b, Y — yj>
(a®b,—y; @y, ) +{a,zir)(by;r)  (byy) (a0 —y;) . (a, iy —y;)

(a, @ — x;) (b, y;r — y;) (b,y;r —y5) (ayzi —x) 7 {a, w0 —x5)

Readily, arguments put forward above for the marginals m, 7 3 can be now reproduced for my,ms 3.
Admissibility 7 € X(u, v) is thus established and, hence, also the optimality of the pair (u, 7).

It remains to give the solutions of V(u,v) and of the second-order Beckmann problem (1.7):

2 2
p=m3= Z Yij Oz o= ///Jm’y’z m(dxdydz) = Z Yij o PYIEE

i,j=1 ,j=1
Case (B):

It would be impractical to give a unified solution for all possible positions of the points that fall within
the scope of the case (B). Instead, we shall assume that (z1,y1) > 0 and |z1]|y2| < |22||y1]. It is not
restrictive as one can always relabel the points to guarantee it. Under those assumptions, one can easily
observe that the inequality (4.4b) is automatically satisfied. Accordingly, the case (B) is characterized by
the strict inequality

<(E2 —Y2,Y1 — 5171> < 0. (48)
We start by defining the point zy € R? as the intersection of the two straight lines that contain

segments [z1,y1] and [z, 2], see Figs 3(e,f). Let us endow the plane R? with a polar coordinate system

z = (o(z),9(x)) € [0,00) x [0,27) where the pole and the orientation of the system are fixed by
Q(ZO) =0, 19(%1) =0, 19(:1"2) € (077()'
Next, we define two coefficients:

™ «
[0

= o B=E—
2/(x2 — Y2, 51 — 21) da —1
where Z is the angle between two vectors that a priori ranges in [0, 7]. Under the assumption (4.8) we
have a € (3,1) and 8 € (3, 3). In particular, & # 3. In polar coordinates the maximizer of Z(v — p) is
1
v(r,0) = §h(9) r?,
where

h1(8) = cos(2a0) if € [2km, 2kn+7/(20)) for k € 7,
ha(0) = cos (28(2m — 0)) if 0 € [2km + 7/(200),2(k + 1)7) for k € Z.

h(0) =

Finally, the following pair solves the problems Z(v — p) and J (p, v):

U(SC) = ’U(Q(Z’), 19(1'))7 =11 5(x1,y1,y1) + H2 5(w2,y2,$2) + (:U‘l - Vl) 5(w1,y2,z0)' (49)

This time, the main difficulty is to prove the admissibility of u. With the following lemma we see that it
holds exactly in the case (B). The proof can be found in the Appendix C.
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Lemma 4.5. Assume that Z(xo — y2,y1 — 1) # 0. Then, the function u in (4.9) is an element of
VVlifo (R?), whilst u ¢ C?*(R?) unless {xa — ya2,y1 — 1) = 0. Moreover, the condition

—-1d < V2u(x) <Id for a.e. z € R?

holds true if and only if (xa — y2,y1 —x1) <0

We move on to check the admissibility 7 € X(u,v). First, observe that puq — 1 = va — ug is non-
negative thanks to the assumption |z1||y2| < |z2||y1|. Then, checking that the first and second marginals
of m are equal to p and v, respectively, is straightforward. Prior to showing that m; 3, T2 3 are martingales
we make an observation. By equality of the barycentres there holds [(z — zo) u(dx) = [(y — 20) v(dy).
In this particular case it leads to p1 (x1 — 20) — v1 (y1 — 20) = va (Y2 — 20) — pe (T2 — zp). Both triples
(20,x1,y1) and (z0,y2,x2) are collinear, and the respective lines are never parallel (cf. Fig. 3(f)), so the
vectors on each side of the equality must be zero. In turn, it generates the two equalities:
%yr#ulu_lylzo, y2:%$2+y2%2m20'

By exploiting the first one, we check that m; 3 is indeed a martingale:

I =

1% — UV
1,3 = Vlé(zl,yl) + M26(zg,a:2) + (Ml - Vl)é(a:l,zo) = H1611 oy (Null 5y1 + Mlﬂl ! 620) + 2 6;E2 & 6a:2-

Handling 79 3 is similar. Ultimately, 7 € X(u, v) is established.
It remains to check the three-point equality (1.12), and, in view of the form of m, it must be tested

for the three triples (x,y, z). The construction of u assures that:
1 1
w@ =5l—=l”  VEEL and  u(@)=-glé-x  VEE Ly, (4.10)

where Ly and Lo are the lines on which the triples (20, x1,y1) and (20, y2, x2) lie, respectively. As a result,

one arrives at the following identities:
() = [u(@) + (Vu(z),§ —2)] = §l¢ —a* V& e L, (4.11)
[u(y) + (Vu(y), € —y)] —u(€) = 51E—yl* V& y e Lo (4.12)

We are ready to verify the condition (1.12). For the triple (z1,y1,y1) it reduces to (4.11) with = x4,
& = y1, while for (22, ya, 22) to (4.12) with y = y2, £ = x2. Finally, condition (1.12) for the triple (x1, y2, 20)
can be recast by adding equalities (4.11) and (4.12), written for x = z1, £ = 29 and, respectively, y = yo,
& = 2.

Optimality of the pair (u, 7) is now established. Solutions to V(u, v) and to the second-order Beckmann
problem (1.7) read:

p=m3 =110y, + 120z, + (1 — V1) 0z, 0= v aTPYVYL gy T2V (g — py) gV,

For both cases, the solutions p and o are displayed in Fig. 3. The blue colour matches the segments
where ¢ is a positive semi-definite rank-one matrix, whilst the red colour matches the negative part. Figs
3(b,c,d) correspond to the case (A) where the two lines form an acute angle. Fig. 3(f) demonstrates case
(B) when this angle is obtuse. Finally, Fig. 3(e) shows the limit case for the right angle. In this case,
the mass at the point zo; vanishes, and the solution adheres to the formulas given both for the case (A)
and (B).
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FIGURE 3. Data u (gray) and v (black), optimal p (magenta), and optimal ¢ (blue and
red for the positive and negative part). (a) generic data in the case (A); (b,c,d) solutions
for various data in the case (A); (e) solution for the limit case; (f) solution for data in
the case (B).

4.4. The basic first-order distribution data. Unlike in the previous examples, here we shall consider
a source which is not a measure but the first-order distribution f*¥* defined in the introduction. It is

supported on two the points x,y € R? and parametrized by a third point z:
fovE =6, — 0, —div((z —y) 6y — (z — ) 0z).

To focus attention we shall assume that the vectors z — z and y — z form an angle ranging in (0, 7]. That
is to say that = # y, while z cannot lie on the line crossing z,y except on the open segment |z, y[.

As announced in the introduction, f*¥* = div?¢®¥%*. Namely, it is the source term induced by the
measure o07¥* that serves as an elementary block for building solutions ¢ of the second-order Beckmann
problem (1.7) for sources that are measures. Since o™¥* is a competitor in the problem (1.7) for the
source f = f*¥Z* it is natural to ask if it is optimal for such a basic first-order distribution data. This
short subsection is to settle this issue.

To that aim we exploit the construction of u put forth in Example 4.3, case (B). With the polar
coordinate system satisfying o(z) = 0, ¥(z) = 0, ¥(y) € (0, 7], we repeat the construction of u with the
parameter o = 7/ (2 Llx—z,y — z)) By the property that is analogous to (4.10), one obtains

(02, u) = [uly) + (Vuly), 2 = 9)] = [ul@) + (Vu(e), 2 = 2)] = 5lz = 2" + 5ly — 2" = e(a,y, 2).
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On the other hand, from the proof of Corollary 1.2 we also know that [ ¢°(c®¥*) = c(z,y,2). Owing
to the duality result in Proposition 2.1, optimality of the pair (u,oc®¥*) will follow provided that wu is
admissible. In view of Lemma 4.5, it is the case only if z — z and y — z form an obtuse angle, which is to

say that z lies in the disk of diameter [z,y]. We have arrived at the following result:

Proposition 4.6. Assume that z € B(%7 Iwgy‘), then o = g™¥%* solves the second-order Beckmann

problem (1.7) for the first-order distribution data f = f*¥*. Accordingly we have the equality
Z(f¥7) = clw,y, 2).

Remark 4.7. The result above is valid for z = z (or for z = y). In this case, 0®¥* is negative (or
positive) semi-definite, while the optimal potential is given by u = —3|- I (or u= i 1%).

On the other hand, we stress the fact that ¢®¥? is no longer optimal if z is outside of the disc
B(=, ‘12;3") Indeed, in this case, we can show that Z(f®%*) = |z — ZL¥||z — y| which is strictly less
than ¢(z,y, z) for such z. An exception occurs when z lies on the extension of the segment [z, y]. This is

due to the cancelling effect between the positive and negative parts of o®¥-*.

5. THE OPTIMAL GRILLAGE

We conclude with a section devoted to an application of the results developed in this paper to optimal
design in mechanics. Classically, by a grillage one understands a planar multi-junction structure whose
components are 1D straight bars. Although geometrically identical to trusses [8], a grillage — typically
constituting a bearing structure of a ceiling — lies in a horizontally oriented plane and it is loaded vertically
at its junctions. The load causes the bars to bend rather than stretch, ultimately resulting in different
equilibrium configurations for the two types of structures.

The optimal design of trusses is famously known to be ill-posed, calling for relaxation in the form of
the Michell problem [8, 16]. We will utilize Corollary 1.2 to prove that, in contrast, optimal grillages do
exist provided that the load is a measure. Despite the vast literature on grillage optimization initiated in
[22], it seems to be the first result of its kind. Before stating the result we will briefly recall the topic of
truss optimization. We will finish with two open problems, including extension of the existence result to

data that is a first-order distribution.

5.1. Review on truss optimization and Michell problem. A truss is a particular case of a 2D or
3D elastic solid that decomposes to one-dimensional straight bars. In general, the stress tensor in a solid
can be described as a matrix valued measure o € M(R%; S9*?). It must satisfy the equilibrium equation
—dive = F in (D'(R%))¢ for a system of forces F' € M(R%R?). For o to exist, the load F has to be
balanced in the following sense: [ (vg, F) = 0 whenever vo(z) = Az + b for b € R? and a skew-symmetric

d x d matrix A. By a truss we can understand the stress tensors that are of the form:

o\ = //ax’y Adzdy), A € M((RY*%R), (5.1)

where o%Y = ‘Z:; ® ‘z:; HL [z,y] for x # y, and 0% = 0. The positive and negative part A (dzdy),

A_(dzdy) represent, respectively, the tensile and compressive forces in the bars [z, y].
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Optimizing trusses amounts to looking for a measure A that, under the condition of equilibrating F,
minimizes the total energy, cf. [8]. Energy of a single bar (x, y) that is subject to a unit tensile/compressive

force is the total variation [|o™¥| = |y — z|. Accordingly, the optimal truss problem reads:
inf {/ ly — z| |\(dzdy) : A € M(RY)*R), —divey=F in (D'(Rd))d} . (5.2)

Note that the support of A can exceed the set (sp F')2, which is to say that we can add junctions that are
not loaded.

In (5.2) the total mass of A\ is not controlled, raising the issue of existence. Moreover, in practice
engineers expect that for a finitely supported load F there is a solution A that is finitely supported.
It means that the structure can be manufactured as a junction of a finite number of bars. Meanwhile,
already at the dawn of the 20th century, A.G.M. Michell observed that an optimal truss does not exists
even for the simplest of loads. In his celebrated paper [17] he considered the bridge problem where the

data is the three vertical forces in a plane R?:
F = 6—22561 + %5_61 — e209, (53)

where e; = (1,0), e2 = (0, 1). Then, looking for finitely supported solutions of (5.2) leads to construction
of minimizing sequences A, with the number of points in sp A, going to infinity. When taking the weak-*
limit & of the sequence oy, one discovers that it is not representable through (5.1), see Fig. 4(a). The

measure ¢ is a solution of what today is known as the Michell problem:
min {/ (o) : 0 € M(R%: 894 —dive = F in (D’(Rd))d} . (5.4)

Recall that ¢° is the Schatten norm: ¢%(S) = Zle [A:(S)]. In the modern measure theoretic setting the
Michell problem was first formulated in [8]. Therein, it was proved that inf (5.2) = min (5.4). Once a
compactly supported F' satisfies the balance condition, the minimum in the Michell problem is attained.
From Fig. 4(a) one can discern that solutions may charge a curved curve (the thick lines in the figure).
It rules out representing solutions through (5.1). To address this, the work [8] put forward another
formulation where one seeks a signed measure on the space of regular curves, thus allowing for curved

bars. To date, the existence issue remains open.

(a) (b)

FIGURE 4. (a) Michell structure for a finitely supported system of forces F; (b) optimal
grillage for a finitely supported torque f = —div F.
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5.2. Optimal grillage via the three-marginal optimal transport. The other example of a structure
that is built from 1D bars is a grillage, and it is a special case of a plate. Plates are by definition
two dimensional bodies occupying a horizontal plane R¢ = R2. In the case of plates, the measure o €
M(R?; §¥%4) represents the bending moment tensor. The out-of-plane equilibrium of the plates is governed
by the equation divie = f in D'(RY), where f = fy — div F is a first-order distribution. The measure
fo models out-of-plane forces. One can think of the positive part fy 4 as of the gravity pull, whilst fo
plays the role of upward reaction forces. The term F' represents torques that act about in-plane axes.
The balance condition for the load f reads as in (2.2).

With the second-order equilibrium equation, the decomposition of the measure o to segments allows
for adding affinely varying density. One of the ways of achieving this is through using 0®¥:* as the basic
measure. It concentrates on the union of segments [z, z] U [z, 3], see Fig. 1. Thus, by a grillage we will

understand the bending moment tensor of the form

Or = /// o"VE n(dzdydz),  me My ((RY). (5.5)

In the case of grillages, m(dxdydz) enjoys the interpretation of the transverse shear force in the two-
bar structure. Assuming that the segments [z, z] and [z, y] do not overlap, the energy of this structure is
[lo®%? = L (|lz - 2Py — z|2) = ¢(z,y, z). Accordingly, the optimal grillage problem can be formulated

as follows:
Zog(f) = inf {/// co(z,y, z) T(dadydz) : m € My ((RY)?), divio, = f in D’(Rd)} )

Note that 7 is a positive Borel measure that is not necessarily finite. In fact, the condition [[[ cdr < oo
is sufficient for o to be a well defined element of the space M(R%; S¥*4),
A priori, the optimal grillage problem shares the issues of non-compactness that are known for truss

optimization. A natural candidate for relaxation is the second-order Beckmann problem (1.7):
I(f) = min{/go(a) : o€ M(RL S, divio = f in D’(Rd)}.

The solution is guaranteed to exist provided that fy € Ma(R?), and F € M;(R%RY) (see Section 2.1).
Utilizing the subadditivity of the functional o — [ ¢°(c) we can show that [ 0%(cx) < [[| cdm, which

furnishes the inequality
Zoc(f) =2 Z(f) (5.6)

Historically, the systematic study of optimal grillages was initiated in the engineering paper [22].
Inspired by the theory of Michell structures, the author has tackled the Beckmann problem Z(f) from
the outset. However, in the numerous analytical examples worked out in [22] and subsequent works, e.g.
[21], one can discern the grillage-like structure (5.5) for the optimal solutions &. Unlike in the Michell
problem, the curved bars are not exhibited at optimality.

The result below lays out a foundation for the foregoing observations. Exploiting the novel three-
marginal optimal transport formulation developed in this paper, we show that the optimal grillage problem
Zoc(f) admits a solution when f is a measure, i.e. the first-order term —div F' is absent. On top of that,

we prove that the optimal grillage consists of a finite number of bars once the load f is discrete.
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Theorem 5.1. If the load distribution f is a measure in Ma(RY), then the equality Zoc(f) = Z(f) holds

true together with the following statements.

(i) There exists a solution T of the optimal grillage problem Zoc(f), and, for any such solution, o

solves the Beckmann problem Z(f). Moreover, T can be chosen such that f((Rd)‘o’) < o0, and

spox C B(sp f+,sp f-), (5.7)

where f = fy — f_ is the Jordan decomposition to the positive and negative part.
(ii) If, in addition, the measure f is finitely supported, then one can choose a finitely supported

solution 7. In particular,
or K HILG

where G C R? is a union of at most 2mn segments where m,n is the cardinality of sp f1, sp f_,

respectively.

Proof. Tt is not restrictive to assume that f = v — pu, for the probability distributions y, v € Py(R?) that
are centred, [u] = [v] = 0. Let T € P((R%)?) be a solution of the problem J (i, v), see (1.9). By the
virtue of Corollary 1.2, o= solves the second-order Beckmann problem Z(f). In particular, it satisfies the
equation div2ox = f, so that 7 is a competitor in Zo(f). Thanks to assertion (i) of Theorem 1.3 and to

the inequality (5.6), we obtain

///cdﬁzj(u,u) =I(f) < Toc(f) < ///cdﬁ,

which proves optimality of 7. Finiteness of 7 is trivial as it is a probability, while the inclusion (5.7) is
the final assertion of Corollary 1.2. This concludes the proof of the part (i).

To prove the statement (ii), we assume that u = 3", pid,, and v = Y7 | v;0,,. Let u be any
solution of the problem (1.6). Then, by assertion (ii) of Corollary 1.2, the 3-plan T must be of the form

B m n T+ Y Vﬂ(y) — Vﬂ($z)
= Z Z’Yij(s(xi’yjuzij) where Zij = 2 "t ’ 2 ’
i=1j=1

and thus o7 = Y ", Z?Zl 7v:5 o%i¥i-%i . The proof is complete since sp o®#¥i-%i C [x;, z;;] U [y;, zi;]. O

Optimal grillages have been already presented in Example 4.3, where u, v were two-point measures.
The grillages o7 were showed in Fig. 3, and they consisted of eight or four bars with affinely varying cross
section. Handling more complex data u,v calls for numerical treatment of the three-marginal optimal
transport problem (1.9). For a discrete load u, v, it can be rewritten as a finite dimensional second-order

conic program. It can be tackled using off-the-shelf convex optimization software.

Example 5.2 (discrete load). Here we present an optimal grillage found numerically for the discrete load
f =v —p asin Fig. 5(a). The measure y is uniformly distributed on a grid of 29 x 29 points, simulating
the gravity pull coming from a square concrete slab. The five equal reaction forces in the columns are
encoded by v. The numerical simulation of an optimal grillage o7 is showed in Fig. 5(c). Meanwhile, Fig.

5(b) presents the probability p solving the problem V(u,v).
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(a) (b) (c)

FIGURE 5. Numerical solution of the optimal grillage problem: (a) finitely supported
data p,v; (b) optimal grillage o7 where blue and red indicate, respectively, the positive

and the negative part; (c) solution p of the optimal dominance problem V(u, v).

Example 5.3 (continuous load). In engineering practice, it is typical to assume that the weight of a slab is
transferred to the grillage through a finite system of point loads, as demonstrated in the previous example.
Nonetheless, it is natural to explore the optimal grillage problem also when the load is continuous:
= L2LQ, where Q is the unit square, see Fig. 6(a). Numerically, it comes down to a fine discretization
of i, here by a 113 x 113 mesh. Fig. 6(c) shows the approximation o, of an optimal grillage oz. It is clear
that the support of o7 exceeds the square @, but is contained within the set B(sp u,spv). A prediction
of the exact solution p for the optimal dominance problem V(pu, v) is presented in Fig. 6(b). Based on the
numerical simulation the authors expect that in the five quadrilateral regions p is equal to u, i.e. to the
Lebesgue measure. Partially on their boundaries, there is a part of p that is absolutely continuous with

respect to H'. Finally, at the vertices, there are concentrations in the form of Dirac delta masses.

5.3. Open problems.

5.3.1. Loads that are general first-order distributions. Generalization of Theorem 5.1 towards general
first-order distributions f = fy — div F' is not straightforward. Unlike f, = v — pu, the vector measure
F does not admit a natural decomposition to a pair of measures. It makes it difficult to propose a
generalization of the set X(u, v/), and thus to find the right optimal transport formulation like (1.9) whose
solution is guaranteed to exist.

The situation improves when the supports of the measures fy, F' are finite. It is then possible to
prove that there exists a finitely supported solution of the optimal grillage problem Zog(f). The main
argument is using the minimal extensions of jets put forth in [2]. We skip the details here, and instead
in Fig. 4(b) we show the optimal grillage for fy = 0 and F as in the bridge problem, see (5.3). Note that
the mechanical nature of F' differs for trusses (F' are forces) and grillages (F' are torques).

If the measure F' is not finitely supported, the issue of existence is more subtle. The authors found
examples of F' that charge a curved curve for which existence of solutions 7 to the optimal grillage
problem Zog(—divF) must imply that ﬁ((R2)3) = o00. The infinite mass of ™ makes it possible to

construct infinite chains of straight bars whose lengths tend to zero, while their thickness is bounded



32 KANTOROVICH-RUBINSTEIN DUALITY THEORY FOR THE HESSIAN
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(b) (c)

FIGURE 6. (a) Absolutely continuous loading p versus discrete reactions v; (b) prediction
of solution p of the problem V(u, v) consisting of 2D, 1D, and atomic parts; (¢) numerical

approximation of an optimal grillage o7 via a fine discretization of u.

from below by a positive constant. Such chains seem to open the door to forming solutions 7 for such
data F'. Ultimately, the optimal grillage problem for data that are general first-order distributions is not

well understood at the moment, and it remains to leave the reader with the following question:

Problem 5.4. Assume that f = fo—div F where (fo, F) € M2(R?) x M1 (R4 RY), and that the support
of F is infinite. Does the optimal grillage problem Zoc(f) admit a solution?

5.3.2. Domain confinement. In practical applications, engineers often work within a prescribed design
domain €, a bounded open and connected subset of R?. For instance, a natural choice for Q in Example
(5.3) is the square @ = sp u being the outline of a ceiling. The domain confinement can be easily accounted
for in the optimal grillage problem Zog(f) by adding the constraint sp o, C . Assuming that the load
f is a measure, from assertion (i) of Corollary 5.1 we can see that the whole result holds true provided
that

B(sp fy,spf-) C €. (5.8)
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In this case, the constraint sp o C € is not binding. If the inclusion (5.8) is not satisfied, then one should

work within the framework of the second-order Beckmann problem, whose modification now reads
I(f,Q):= min{/ (o) : 0 e M(R%: 8™, spocQ, divie=f in D'(Rd)}.

Numerical experiments in 2D indicate that, with the condition (5.8) violated, there might not be solutions
of Z(f,Q) which take the form o . It appears that optimal & may charge subsets of the boundary 99 with
the density being a full-rank matrix. In terms of mechanics, it corresponds to 1D bars (possibly curved)
subject not only to bending moments but also to torsion. In the interior 2, however, the solution seems

to decompose to straight bars o”¥*. These observations lead to the following open problem:

Problem 5.5. Assume a bounded domain Q C R® with Lipschitz reqular boundary and a load f € M(Q).
Do there ezist oo € M(R%; 8%4) concentrated on O and 7 € M+(§3) such that

T = /// oY ? n(dxdydz) + oaq

solves the confined optimal grillage problem Z(f,Q)?

APPENDIX A. CONVEX ANALYSIS

Let X be a normed space and let » : X — R U {400} be a convex function. Recall that the
Moreau-Fenchel conjugate of h is defined on the dual space X* by:

h*(x*) = jgg {{z,z*) — h(z)} Va* e X*.

Clearly, h* is convex and lower semi-continuous with respect to the weak-* topology on X*. Next, we

define the biconjugate of h on X by:

hW*(z) == sup {(x,z*) —h*(z*)} VreX.
rreX*

The following classical result (due to J.J. Moreau [18] in the infinite dimensional case) is used several

times in this paper.

Proposition A.1. Assume that there exists r > 0 such that sup{h(z) : ||z| <r} < 4o00. Then:

(i) h is continuous at 0, while h* is coercive and attains its minimum on X*;
(i) we have the equalities: h(0) = h**(0) = —minh*.

APPENDIX B. INTEGRATION BY PARTS

We give here the justification of the integration by parts formula on the whole R? that was required

in Section 2 (see (2.5)) and in the proof of Proposition 4.1.

Lemma B.1. Let f = fy — div F where (fo, F) is any pair in Mo(R?) x My (R%RY) satisfying (2.2).
Let 0 € M(R%; 89 satisfy divie = f in D' (R?). Then, for every u € C?(R%) with lip(Vu) < 400, we

have:

[ (o) = 0.y = s o) + (Vs . B.1)
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Proof. By the orthogonality conditions (2.2), (B.1) is valid for affine functions. Therefore, it is not re-
strictive to assume that u and Vu vanish at 0; we may also assume that lip(Vu) < 1. On the other hand,
the equality div?o = f in the sense of distributions implies that (B.1) holds true if u € D(R?). By using
smooth convolution kernels, this can be extended to the case where u is compactly supported in R?. In
order to remove this latter condition, we consider a sequence of radial cut-off functions ny(x) := n(%)
where
n € D(R;[0,1]), nit)=1 if |t <k, nt)=0 if ¢>2k.

Then we set ug := ung. Since uy satisfies (B.1), we have only to check that the sequence (vy), given by

vg = u — u = (1 — ng)u, satisfies:
(Vg fo) — 0, (Vup, F) =0, (V2vi,0) = 0. (B.2)

Since vg(z) vanishes for |z| < k, while |vg|(z) < [(u(z)] < 3|z|? elsewhere, we infer that (vy) is

bounded in X5(R?). Hence, (vg, fo) — 0 by applying (2.1) with u = fo € My (R%). In the same way, Vg,
is supported on the subset {k < |x| < 2k} where it satisfies the upper bound

9l = (1 =m0 v = g (1) < 190+ 22 ) < 14 o) b

In the last inequality we used the fact that |Vu|(z) < |z|, while |u(z)| < %|z]? < k|z| on sp(Vuy). It
follows that (Vug) is bounded in X;(R%; R%) and, recalling that F' € M;(R%;R?), we may apply (2.1) to
infer that (Vug, F) — 0. Next, we compute: VZv, = (1 — nx)V2u — (Vg @ Vu + Vu @ Vi, + uV2n;)

_EIME 2 _i//m T i/m _LL‘®.%'
V) = () + V= () [+ g G 00 )|

We notice that:

where

- for = > lip(n), the symmetric tensor appearing inside the large bracket above is non-negative and
not larger than the identity. Thus o(V?n;) < “f’,jig');

- Vi, and V2, are supported on {k < |z| < 2k}, where it holds that |u(z)| < 1|z|> < 2k? and
[Vu(z)| < [z] < 2k;

- o(Vig ® Vu + Vu @ Vi) < 0 (1 4 |17q))).

All in all, we obtain a uniform upper bound for o(V?v;) whose support is contained in {k < |z| < 2k}

o(V?vi,) < o(V?u) + o(Vi ® Vu+ Vu ® Vi) + |u| o(V2nk)

,§)<1+|v )+ fu 2L
<1 +tip) L L (1)

<C:=1+ 3hp(n) + 2lip(1)).

By virtue of the inequality [(V2vi,0)| < o(V2uvy) 0°(c) < Co°(0) holding in the sense of measures, it
follows that:

|<V2’Uk,cr>| < C/ (o).

k<|x| <2k
Since [ 0°(0) < +00, we conclude that (V?vy, o) — 0 for k — oo as required in (B.2). This concludes
the proof. O
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APPENDIX C. TWO-POINT MEASURES — ADDITIONAL PROOFS

Proof of Lemma 4.4. It is not restrictive to assume that (z1,y;) > 0. It is then easy to check that inequal-
ity (4.4b) is met automatically, thus we can focus on (4.4a) only. Next, we can enforce the orientation of

the eigenvector b so that:
<ba y1> > Ov <ba y2> < 07 <b,1‘1> > 07 <b7 1’2> <0. (Cl)

Accordingly, one can check that v;; > 0 when ¢ = j, no matter if inequality (4.4a) holds or not. Therefore,
we have to show that (4.4a) is equivalent to the two inequalities 12 > 0, 721 > 0. What is more, this
equivalence is trivial to show when (x71,y1) = 0. In the sequel we thus assume that (z1,y1) > 0.
For ¢ > 0 we define:
- - 1 - -
Ti(t) =ta, To(t) = 7 %2 g(t) = t(22(t) — y2, y1 — T1(1)).
The function g is quadratic on R. Thanks to (z1,y1) > 0, one can show that g is concave, and it admits

two positive roots: 0 < t; < to. For each k € {1,2} we define two vectors:
v = Ta(te) — Yo, wr = y1 — Z1(tx). (C.2)

We shall show that, for both k, (vg,wy) are mutually orthogonal eigenvectors of N — M (not necessarily

normalized). Orthogonality follows from the fact that ¢; are roots for g. The next observation is key:
—Y1 ®y2+§71(t)®5:2(t) = -1 QY2 + 21 ® T2 =N-M

for any t > 0. We exploit it to obtain:

(N — M)vp = —(y1,0) y2 + (Z1(tr), v&) T2(te) = — (Y1 — Wk, Vi) Y2 + (T1(tk), vi) T2(tr)
= —(@1(tr), vi) y2 + (T1(tk), vk) T2(tr) = (T1(tk), vi) (T2(tr) — y2) = (Z1(tk), vk) vk

Similarly, one shows that (N — M)w, = (—yo,wy)wk. The corresponding eigenvalues are \,, =
(Z1(tg),vg) and Ay, = (—y2,w). Next, we assess which of the four vectors (C.2) are parallel to b.

To that aim we compare the signs; recall that A\, < 0, Ay > 0. We compute the derivative of g at its roots:
g (tk) = (=2, y1 — tewr) + (2 — thye, —21) = (=y2, wk) — (Ui, T1(tk)) = Ay — Auy.- (C.3)

Due to concavity of the quadratic function g, it must satisfy ¢’(¢1) > 0 and ¢'(¢2) < 0. We conclude that
Aoy < Awy and Ay, > Ay, As a result, vy, w; must be the eigenvectors that are parallel to b. One can
easily check that the three vectors have also the same orientations. To sum up, we have:
= % = |Iw071| = |712|(572(t2) —y2) = ﬁ(yl — Z1(t))- (C4)
We are ready to prove our assertion. Since (b,y; — y2) > 0 due to (C.1), we deduce that sgn(vyiz) =
sgn((b,y1 — x1)) and sgn(y21) = sgn((b, z2 — y2)). Defining the two functions:

fi(t) = o2l (b, y1 —tz1) = (T2(t2) — y2,y1 — 21(2)), (C.5)
f2(t) = |wi|[{F z2 — ya,b) = (Z2(t) — y2,y1 — Z1(t1)) (C.6)

we see that sgn(y12) = sgn(f1(1)), and sgn(y21) = sgn(f2(1)). Due to (C.1), the function f; is strictly
decreasing, and f, is strictly increasing on (0, 00). The alternative formulas for f1, fo given above follow

by (C.4). They provide the equalities fi(t2) = f2(t1) = 0 since g(t1) = g(t2) = 0.
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Let us now assume that the inequality (4.4a) is satisfied or, equivalently, g(1) > 0. By the properties
of g, there holds ¢t; < 1 < ty. Since f; is decreasing, we have f1(1) > fi(¢t2) = 0. Similarly, because fs is
increasing, fa(1) > f2(t1) = 0. This gives 12 > 0 and 721 > 0 due to.

Contrarily, assume that (4.4a) does not hold, which gives g(1) < 0. Then, either 1 < t; < ¢ or
t;1 < ta < 1. In the first case, we have f2(1) < f2(t1) = 0, which yields 791 < 0. In the second case
f1(1) < f1(t2) =0, and thus v12 < 0 by the same token. The proof is complete. O

Proof of Lemma 4.5. Let us observe that h : R — R is C' and 27-periodic on R. We thus immediately
infer that u is C' on R?\{2}. However, thanks to the factor 72 in the definition of v, it can be showed
that Vu is also continuous at 2o with Vu(zg) = 0, that is u € C1(R?). Function h is also piecewise C?.
More precisely, h”" has discontinuity points 2km and 2kw + 7/(2«) for integer k if and only if @ # 8. As a
result, u is not of class C? except for the case (x5 — y2,y1 — 1) = 0 which corresponds to the condition

a = f exactly. Nonetheless, the piecewise continuity of h” is enough to deduce that
we C*(ViuVa), Vi={(0,9) ' (r,0) : r>0, 0€A;}, A =]0,7/(2a), A =|r/(20),2n].

Moreover, on each open set V; there holds VZu(z) = (Q(z)) " H;(o(z),¥(z)) Q(z), where Q(z) is a rotation

matrix, and

9%v v 8%v
H-(r 9) — or? _%2 a0 t %87‘89 _ hi(e) %hg(&)
1 ) - 2 2 - .
G g wEer | Lo me+ne

Since R?\ (V1 U V4) is Lebesgue negligible and h; are cosine functions, we infer that u € Wli’coo (R?), which
establishes the first part of the assertion.
To prove the second part, it is enough that we check that for ¢ = 1, 2 the eigenvalues of H;(r,0) = H;(0)

remain in the regime [—1, 1] if and only if (9 — y2,y1 — 1) < 0. Starting from ¢ = 1, we obtain

Hy(0) = l cos(2ab) asin(2ad) ]

asin(2a6) (1 — 2a2) cos (2a8)

and, after using the Pythagorean trigonometric identity, formulas for the eigenvalues A_, A, follow:

Ai(0) = (1 — a?)cos(2a8) + ay/1 — (1 — a?) cos?(2a).

Assume first that (rg —ya2,41 — 1) > 0, which gives @ > 1. Then, clearly A_(0) = 1 — 2a® < —1.
It remains to check the case when (xs —y2,y1 — 1) < 0, for which a, 8 < 1. Thanks to elementary

computations we get the estimate:

(:I: 1—(1-a% cos(2a0)>2 =1-a*)(17F cos(2a9))2 +a*(1— (1 — a?) cos?(2a0))

> (a\/l —(1-a?) COSQ(QCYH))2

where we acknowledged that a < 1. Since the term (1 — a?) cos(2a) ranges in [—1, 1], from the estimate
above we can deduce that indeed Ay(6) € [—1,1]. Handling the matrix Hy(f) amounts to replacing «

with 8. However, since 8 < 1 as well, the same reasoning stands. O
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